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= Cross-sectional area of two prestressing wires. 
AL 	= Cross-section area of top M.S. longitudinal bars. 
AL 	= -Cross-section area of bottom M.S. longitudinal bars. 
At 	= Cross-sectional area of one leg of stirrup 
b 	= Width of beam 
b' 	= Width of Reinforcing cage 
C. 	= Bending moment co-efficient 
Ct,C 
pt 
 = Elastic and plastic twisting moment co-efficients. 
C 	= Twisting moment co-efficient for prestressed section. 
d 	= Depth of beam 
= Effective depth of beam 
d'. 	= Depth of reinforcing cage. 
= Depth of upper steel from top of the beam. 
E 	= Elastic modulus of steel. 
S 
E = 	Elastic modulus of concrete. 
C 
= 	Yield-stress of prestressing wires. 
fLy.  = 	Yield stress of top M.S. longitudinal bars. 
f = 	Yield stress of bottom M.S. longitudinal bars. Ly 
= 	Yield stress of stirrups. 




= Effective prestress in the concrete 
f cu 	
= Compressive bending stress of concrete for pure bending. 
it= Tensile strength of concrete 
F1 ,F2 = Factors relating strain of concrete to strain of steel. 
K 	= Ratio of depth to width of beam. 





	= Length of compression block for combined bending and 
torsion. 
Mb 	= Applied bending moment. 	 -• 
Mt 	Applied twisting moment 
MB 	= Cracking bending moment in pure bending. 
Mb 	= Cracking bending moment in combined bending and torsion. 
Mt = 	Cracking twisting moment in combined bending and torsion. 
Mb = 	Ultimate bending moment in combined bending. and torsion. 
Mt = 	Ultimate twisting moment in combined bending and torsion. 
N1 = 	Force in bottom prestressing wires. 
N II = 	Force in bottom M.S. bars 
N2 = 	Force in top prestressing wires 
= 	Force in top M.S. bars. 
n = 	Depth of neutral axis from top of beam. 
S 	= . Spacing of stirrups. 
Z 	= Modulus of section. 
a 	= Angle of inclination of crack to longitudinal axis of beam. 
8 	= Coefficient defining the depth. of. centre of pressure of 
compression block from top of beam. 
C 	= 
Cu 
Ultimate compressive strain in concrete. 
= . Maximum strain after prestressing 
= Torsional shear stress. 
Ta 	= Apparent torsional shear stress 
11 = Coefficient relating compressive bending stress of concrete 
to cube crushing strength. 
9 	=. Angle of inclination of the compression zone to the 
longitudinal axis of beam. 
= Ratio of bending to torsion. 
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SYNOPSIS 
In the last two decades the use of prestressed concrete has 
emerged as a well recommended construction technique especially in 
major structures. 	Its use has been well established in structures 
with members subjected to pure bending or combined bending and shear. 
In some of these structures the problem of bending combined with. 
torsion arose as a result of assymetrical loading or due to the 
geometrical layout. Though the effect of torsion is mostly secondary 
nevertheless investigation was needed to study its interaction with 
bending and its effect on the strength of the beams. 
In this investigation the effect of prestressing and the 
addition of mild steel reinforcement on the behaviour and ultimate 
strength of hollow beams is studied. 	The experimental part of the 
investigation was carried out on rectangular hollow beams uniformly 
prestressed by four unbonded high tensile steel wires. 	Seventeen 
beams in all were tested under different ratios of bending to twisting 
moment. 	On the basis of observations made during the experimental 
work an analysis was produced to give the cracking and ultimate strength 
of these beams. 	The expressions predicting the cracking moments were 
based on the maximum stress criterion and those giving the ultimate 
strength moments were based on the ultimate equilibrium method 
suggested by the Russian investigators. 
A simple design method is proposed for prestressed hollow beams 
subjected to combined bending and torsion. 
As a further method of verification, the theoretical analysis 
was applied to works carried out by previous investigators. This 




Bending and torsion sometimes occur simultaneously in some 
structural concrete members. 	In most of these members the torsional 
stresses are not so high as to control the design; nevertheless their 
secondary effect has some influence on the strength of these members. 
In the past reinforced concrete members were designed according to the 
elastic theory which is considered to be conservative. With the 
recent shift to the load factor method which gives much smaller sections 
the necessity arose for more research into the subject to investigate 
the effect of torsion on the strength of beams in relation to the 
evaluation of a more realistic and adequate load factor. 	In fact a 
considerable amount of work has been carried out in this field. 
Since the Second World War prestressed concrete has gained more 
and more ground in the construction of major structures. 	In some of 
these structures such as highway bridges decks consisting of inter-
connected beams or overflying bridge decks curved in plan, the 
torsional stresses are of such magnitude that their effect could not 
be neglected and adequate assessment of their influence is required. 
In such structures and in other similar ones torsion does not occur by 
itself but mostly in combination with flexure. Within the field of 
prestressed concrete the reaearch on the problem of combined bending 
and torsion came very late in comparison to that carried out on other 
problems such as that of shear, bending and combined bending and shear. 
the prohl'Er1 of erbined bending and tcrion the invtigation crri 
(l)* 
out by Cowan does not deal with the case of ultimate strength and the 
application! 
* The superscript numbers refer to the list of references. 
2 
application of his analysis is up to the visco-elastic limit only. 
(5) 
Swamy's work was mainly on the elastic range; he gave very little 
(4) 
attention to the ultimate strength. 	Gardner concentrated in his 
investigation on the torsional behaviour of the beams and the analysis 
he gave is of no practical applicability since it depends on the 
(6) 
computer based finite element technique. 	Reeves' analysis, according 
to his own judgement did not give satisfactorj results. 	The studies 
(3) 	(is) 
carried out by Humphrey and Zia were limited to pure torsion. Out of 
all those who worked on the subject of prestressed beams under combined 
(10) 	 (11) 
bending and torsion only Khalil and El Neima studied the behaviour of 
the beams at ultimate. 
From the above brief review the conclusion is drawn that very few 
studies have been made to formulate an expression for predicting the 
ultimate moment of prestressed beams under this combined loading. 
Thus the need arose for further investigation, which is the subject of 
this work, offering equations for predicting the strength of the beams 
at the two stages, at cracking and at ultimate. 	Also this work will 
serve the purpose of providing more experimental data which might be 
helpful for further studies. Within the frame outlined above an 
experimental investigation was carried out, to investigate the effect 
of prestressing on the behaviour of beams subjected to combined 
bendThg and torsion; also to study the effect of providing longitudinal 
and web reinforcement on the behaviour of the beams. 
The experiment work was carried out on two series of eight beams. 
The beams of the two series are identical in every respect except that 
those o.'c the first series (HU) do not contain longitudinal and transverse 
reinforcement. 	All the beams have an effective prestress of 880 lbs./in. 2 
applied! 
3 
applied by four, post-tensioned, unbonded, H.T.S. wires. 	The beams 
of one series were tested under different ratios of bending to torsion, 
those ratios being repeated on those of the other series. 	During 
testing the loading is applied in such a way that the ratio between 
bending and twisting moments is kept constant for each beam. 
The experimental data obtained is presented in the form of tables 
and graphs relating bending moments and twisting moments to the other 
relevant quantities such as deflection, angle of twist etc. 
The theoretical analysis given in this study is presented in two 
chapters, first dealing with the stage preceding cracking, and the 
initiation of cracks, and second dealing with the ultimate strength of 
the beams. 	In the first part of the theoretical analysis which deals 
with the stage from initial application of the load up to initiation of 
the cracks, expressions for the resistance of the beam under pure 
torsion and under pure bending are evolved. These expressions which 
are given in terms of the section properties and the torsional and 
flexural stresses respectively are used to produce an expression for 
the angle of crack. These expressions are also used to derive two 
equations predicting the cracking moments of the beams under high and 
low ratios. The two derived equations are based on the maximum stress 
criterion and they give the cracking moments in terms of the twisting - 
and bending components for beams under low and high 0-ratios 
respectively. 
In the analysis of the plain prestressed beams of series I for 
ultimate strength, the beams are divided into two groups according to 
their CAL; evez1 exp iilitd1 behaviour after first cracking, first those 
subjected to high 0-ratios which support extra load after the first 
crack.! 
4 
crack and fail in bending due to crushing of the concrete at the top 
of the beam - these are analysed according to the ultimate equilibrium 
method developed earlier by the Russian investigators. Second, those 
which are subjected to low 0-ratios and fail immediately after the 
appearance of the first crack. Hence the ultimate - strength of these 
beams is their cracking moment. Because of the change in mode of 
failure in those beams with low 0-ratios which takes place as a result 
of the provision of the longitudinal and web reinforcement, it is 
proposed to adopt one equation to predict the ultimate strength of all 
the beams in the second series. 
At the end of this study a simplified method of design is 
proposed for the design of prestressed beams subjected to combined 
bending and torsion. This method is based on the observed phenomenon 
of skewed bending which leads to cracking at the bottom of the beam and 
eventual failure by crushing of concrete at the top of the beam. As the 
method is restricted in application to the working range up to cracking 
it can be used for aU the beams whether under high or Idw 0-ratio. 
The method offers a quick way determining the principal qualities 
needed for the design of aPrestresedConcrete Section, e.g. depth 
of section, degree of prestressing and the eccentricity of the 
resultant prestressing force. 
5 
Chapter 2 
Review of Previous Work on Torsion and 
Combined Bending and Torsion of Concrete Beams 
2.1 Introduction: 
In this chapter the author intends to review some of the work done 
on plain, reinforced and prestressed concrete beams under combined 
bending and torsion. The solution for the problem of structural 
concrete members subjected to pure bending is well established. On 
the other hand the effect of torsion on the behaviour of a concrete 
member has not yet reached this stage of thorough investigation due to 
the fact that it did not attract the interest of many investigators till 
recently and even then the work done has not been comprehensive. 
However, in order to investigate the combined effect of bending and 
torsion on concrete a thorough understanding of the effect of pure 
torsion is essential and hence previous work on pure torsion is also 
dealt with. 
In this chapter past work on plain, reinforced and prestressed 
concrete is dealt with in separate sections, whenever possible, although 
most of the investigators who tackled this problem considered at least 
two types of structural concrete, viz, plain and reinforced or plain 
and prestressed concrete or the three types together. 	Plain concrete 
was a common feature in most studies since it was considered to bear 
the basic properties and hence the fundamental characteristics of the 
material. Also those works will be mentioned in chronological 
------------------------------------------------------------ 
Early in the fifties Cowan 	put forward a theory on the strength 
of/ 
no 
of concrete under the action of combined stresses. The theory which 
he advanced combines both Rankine's maximum principal stress criterion 
and Coulomb's internal friction criterion. He derived equations for 
the strength of plain, reinforced and prestressed concrete in combined 
bending and torsion. 	The dual character of his criterion explains the 
specific difference between primary bending and primary torsion failure. 
These two distinct types of fracture are shown by concrete and 
reinforced concrete subjected to combined stresses. A cleavage fracture 
is assumed to be governed by the criterion of a constant maximum tensile 
stress or strain, while the crushing type is assumed to consist, of a 
constant shear strength due to the internal cohesion of the cement paste 
and a resistance which is proportional to the normal stress on the plane 
of sliding, due to the internal friction of the concrete aggregate. 
After finding from first principles the bending resistance of a 
plain concrete member in terms of the tensile stress and feeding that 
in the principal stress equation, together with the torsional resistance 
of the section computed from St. Venyt's equation expressed in terms 
of its shear stress, Cowan could derive an expression for the strength 
of plain concrete up to the stage of the formation of the initial crack. 
The following equation gives that expression. 
(M.1- )2 + - 1 	
(2 1) (M..ç0 ) 	KT M T M. 0 
He also derived a similar expression for prestressed concrete in which 
he considered the effect of uniform prestressing and pointed out its 
similarity in behaviour with plain concrete. 	This expression was given 
2 
as 	( M-, ) 	+ 	 M1 	1 
(MT,) K; M 	M.r o 
where 




= Ultimate Twisting Moment in pure torsion. 
K! 
Vi 
K 	= Torsional Constant, K = Bending Constant. 
1 
éç K 	their eq.uiva:1ntin:prestressed.concrete. 
The above mentioned equations were also presented in a graphical 
form as interaction curves as shown in Fig. 2.1. In presenting his 
equation Cowan limited their applicability by the visco-elastic limit 
i.e. the limit above which large scale cracking occurs. 
From his theoretical treatment of the subject, Cowan concluded 
that the addition of bending decreases the torsional strength of both 
plain and uniformly prestressed concrete, while in reinforced concrete 
the addition of a small amount of bending increases the torsional 
strength and addition of torsion reduces slightly its bending resistance. 
According to the above mentioned behaviour he recommended the reduction 
of the maximum permissible stresses in plain concrete below those 
allowed in pure torsion. 	In the case of reinforced concrete subjected 
to bending and torsion, he recommended no reduction or adjustment to the 
maximum permissible concrete or steel stresses. 
Cowan also mentioned that a large increase in pure- torsional 
strength is obtained by uniform prestressing. He recommended the 
adjustment of permissible stresses for prestressed concrete under 
combined bending and torsion since addition of bending reduces the 
torsional resistance of prestressed concrete to cracking. 
Cowan and Armstrong 
(2)  tested a series of reinforced and 
prestressed concrete beams and concrete-encased steel joists under 
different combinations of bending and torsion varying from pure torsion 
to pure bending. 	They tested 33 full-size beams, in all and reported 
that the torsional strength of concrete could be increased by the 
addition of suitable shear reinforcement, but still the resistance of 
reinforced! 
U 
reinforced concrete beams to torsion depends on the tensile strength 
of concrete and it is not possible to gain an increase in strength 
comparable to that obtained by adding tensile reinforcement to plain 
concrete subjected to flexure. Also they found that the introduction 
of even a small amount of shear reinforcement changes the sudden 
torsional failure of plain concrete into a gradual one accompanied by 
considerable deformation. 
For prestressed concrete beams they reported that very large 
increases in torsional strength can be obtained by prestressing since 
the initial compressive stress due to prestressing must be neutralized 
before the concrete can be stressed in tension. 	But the prestressing 
force increases the rate of propagation of cracks during failure and 
hence the tendency to assume a violent mode of failure. Moreover 
they found that in reinforced concrete and concrete-encased steel 
joists the addition of bending increases the resistance to torsion. 
They pointed out, once more, the existence of two types of failure in 
beams subjected to the combined effect of bending and torsion, one 
the primary torsion failure characterized by the cleavage fracture and 
the other, the primary bending failure characterized by the crushing of 
concrete on the coinpression side of the beam. 
Finally, Cowan and Armstrong concluded their paper with some 
design recommendations. 
a) They gave the following expression assessing the maximum permissible 
twisting moment of a rectangular concrete section containing no shear 
reinforcement. 
2 
M 	= ocbciF çt 
where 	\' 	is the maximum permissible stress for the 
concrete in shear (diagonal tension) 
is 
isaconstarit depending on the beam 
dimensions ratio d/b. 
They, also, gave the maximum permissible twisting moment for a 
rectangular prestressed concrete beam as 
MT = M 0 	l 	 (2.4) 
where MTQ  is the maximum permissible twisting moment for a 
similar plain concrete section. 
Ft is the ultimate tensile strength of concrete. 
is the magnitude of the effective prestress, 
and they stated, too, that uniform prestressing gives the maximum 
increase in torsional strengths. 
Concerning the provision of reinforcement in reinforced concrete, 
they mentioned that longitudinal reinforcement need not be used if 
spiral reinforcement at 450  is used. They recommended the use of 
longitudinal reinforcement around the perimeter in conjunction with 
the vertical stirrups so as to resist the horizontal component of the 
twisting moment, the longitudinal reinforcement being equal in 
magnitude to the web reinforcement. 
	
Humphreys 	was the first investigator to carry out extensive 
work on the effect of concentric prestressing on the strength of 
concrete beams. 	He tested a total of 94 beams belonging to five 
different cross-sections with a uniform prestress varying from zero 
to 6000 lbs./ir. 
From his test he concluded that the ultimate strength of concrete 
beams under pure torsion could be increased above the strength of plain 
concrete in the ratio 9 . 1 without chancing other physical properties 
of the concrete. He also noted that the failure of his prestressed 
beams/ 
10 
beams was governed by the magnitude of the principal tensile stress. 
When the diagonal principal tensile stress reached the tensile strength 
of the concrete failure occurred. 
shear stress .T 	as ut ..... 
TutJO_l +-1f  
He gave the ultimate torsional 
(2.5) 
for a beam of maximum tensile strength oj and uniform prestress f. 
Gardner (4) tested sixteen eccentrically prestressed I-beams. 
The prestress varied between 1640 lbs./in. 2 at the bottom to 500 lbs./ 
in. 2 at the top. These beams were tested by applying a bending moment 
which varied from 10% .to 80% of the ultimate bending moment, then the 
beams were subjected to torsion until failure occurred. The object 
of these tests was to investigate the strength and stiffness of beams 
under combined bending and torsion. 	 . 
The beams tested were divided into two groups: 
a) Those in which there were no direct tensile stress due to 
(bending 
and b) Those which either had direct tensile stress or cracked 
because of bending. 
He concluded that the behaviour of the beams in the first group 
appeared to be independent of the actual stress distribution and by 
assuming that the direct stress distribution was uniform over the 
section, it was possible for him to estimate the limit of elastic be-
haviour and thus the moment necessary to give a principal stress equal 
to the tensile strength of the concrete. 	In the process of his elastic 
analysis he solved the equation 
+ 	F. 	 (2.6) 
ax 2 ay  2 
in an electronic digital computer using the finite element technique 
over! 
11 
over the cross-section. 	He used the above solution to find the stress 
distribution and the stiffness in the elastic range. 	Furthermore, his 
calculation for the ultimate load based on the assumption of full 
plasticity and uniform distribution of direct stress gave good agreement 
with the observed values. 
For the second group, he reported that the stiffness of these beams 
were less than those of the first group but the ultimate twisting 
moments were the same due to the existence of a higher stress in the 
concrete compression block. 
In his analysis, Gardner made a number of assumptions, namely that 
(i) the distribution of the prestressis uniform, (ii) the shear stress 
is uniform all over the section, (iii) the shear stress acts along the 
boundary lines at the boundary, (iv) the ultimate shear stress is that 
stress which gives rise to a principal tensile stress in the concrete 
equal to its tensile strength. Also within the elastic range, Gardner 
from his observations reported that the distribution of the shear strain 
on the top and bottom flanges of the I-section is the same regardless 
of the distribution of the direct stress. The explanation given for the 
change on the top was the onset of plasticity while the change at the 
bottom was due to redistribution of shear. 	Gardner based his 
assumption of average uniform prestress on these above mentioned 
observations of equal strains and non-linearity at the same load. He 
also found that the plastic theory gave the most accurate and more 
reliable results. 
In 1962 Swamy 	published his work on twenty four full size 
hollow square beams. The beams were unbonded, post tensioned and 
uniformly prestressed were tested under different ratios of bending to 
torsion/ 
12 
torsion varying from pure torsion to pure bending. 	In these tests he 
investigated the effect of varying the shape and size of the hollow and 
the effect of providing transverse reinforcement in the form of closed 
stirrups. 	From his observations on the modes of failure he divided his 
beams into the following three groups: 
Those subjected to low ratio of bending to twisting and they 
show a primary torsion failure characterized by the clean 
granular cracks. 
Those subjected to high ratios of bending to torsion and showing 
primary bending failure and 
Between these two types a transition type occurs. 
From his work he found that under pure torsion the prestressing 
increased the initial cracking torque which is the ultimate torque since 
prestressed beams, like plain concrete ones, fail with the appearance of 
the first crack. He derived expressions for predicting the initial 
cracking moment for the three types according to their bending to torsion 
ratio. 	These expressions were based on the maximum stresses criteria. 
Also he used the maximum strain concept to derive an expression for 
predicting the initial cracking moment for beams under high ratios of 
bending to twisting moments. 	From his investigation he found that the 
addition of a small amount of torsion decreases the bending capacity 
of the beam while the addition of a small amount of bending increases 
the torsional strength of the beam but there is a limit beyond which 
any increase reduces the torsional strength. The maximum increase in 
torsional strength which Swamy recorded was obtained with a bending to 
! 
or _L. oil .L. U. L..J.. 	 . 	 './ . ../ . 	 . 	 ¼.. 	 ... 	I 	.. 	 U. .¼. ... ¼.. 
investigation did not have good agreement with the maximum stress or 
maximum! 
13 
maximum strain concepts and thus these two approaches were not - 
considered to give a satisfactory explanation to the behaviour of the 
beams under different bending to twisting moments ratios. 
Concerning the behaviour of the beams at their ultimate strength, 
Swamy found that his hollow beams under combined bending and torsion 
failed at nearly the same ultimate strain of concrete as beams subjected 
to pure bending. Furthermore, he suggested that for prestressed hollow 
beams subjected to high bending to twisting moment ratios the crushing 
of the concrete does not take place at the cylinder crushing strength u 
as in the case of pure bending but at a lower value Ku where K is less 





decreases as this ratio decreases. 	From the results of the tests he 
suggested an empirical formula which gives 
0.6 
By assuming a trapezoidal stress distribution at failure (see 
Fig. 2.2) the total compressive force on the concrete is given by 
l+ 
C = K.0 .bn. 
c 	c 	2 
where is the plasticity ratio as defined by the ratio of the 
plastic strain to the total deformation of concrete at rupture. Thus 
the ultimate moment was given by Swamy as 
2 
M = C (d - a (1 + 	
+ 	
) - T (d-d ) 	 (2.7) 
U 	c 	3 	1+ 2 	c 
where d = effective depth of beam. 
n = depth of neutral axis 
T2 = force in top prestressing steel. 
d = depth of compression reinforcement. 
Reeves/ 
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Reeves (6)  in his investigation into the behaviour of Prestressed 
T-beams subjected to combined bending and torsion tested 42 beams 
divided into three series according to the breadth of the top flange. 
Other than the breadth of the top flange, the beams were identical in 
all respects with a plain prestressed concrete cross-section. 
He carried out his investigation to accomplish the following 
objectives: 
i - To provide data to enable an elastic and ultimate load analysis 
to be carried for T-sections. 
ii— To investigate the effect of the shape of the section on the 
combined bending and torsional properties of these T-sections. 
From his tests he reported that the twisting strength of T-sections 
was materially increased by the application of bending moments up to 
80% of the ultimate bending strength. He found that this amount of 
increase is dependent on the geometry of the section and is due to an 
increase in the stress and strain capacity of concrete with resultant 
increase in the direct compressive strength. He could not give an 
exact interpretation of this behaviour because of the lack of information 
on the behaviour and failure properties of concrete under combined 
stresses. 	In general he found that there is an increase in the 
ultimate rotational capacity of a beam with increase in the applied 
bending moment. 
In his analysis, Reeves used three criteria of failure for 
predicting the twisting strength of concrete, namely 
The Bresler and Pister criterion which assumes uniform plastic 
distribution for shear stresses at failure. 
The principal tensile stress criterion with the distribution 
of! 
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of the shear stress at failure assumed to be uniform and plastic 
and its value given by the following expression 
= 	 (2.8) 
where f is the tensile strength of concrete taken as the splitting 
cylinder strength 
and 	is the minimum direct stress. 
(c) Using the same criterion of principal tensile stresses, but this 
time with the distribution of shear stress assumed to be elastic. 
Neither of the three criteria gave a satisfactory explanation to 
the behaviour of the beams, but the second criterion gave the best results. 
However, he used these criteria of failure to calculate the pure twisting 
moment, as well as the interaction curves he obtained from his test 
results to predict the twisting strength of beams subjected to bending 
moments up to the ultimate bending moment. 
Making use of the mechanism of failure proposed by the Russian 
(ta) 	 (7) investigators Evans and Sarkar 	presented a method for ultimate 
strength design of reinforced concrete beams in combined bending and 
torsion. Unlike some of the previous investigators who assumed a 
constant inclination of 
450 
 for the angle of crack, Evans and Sarkar 
developed an expression for this angle and they found that it varies 
with the bending to torsion ratio. Although they made use of this angle 
in the parts contributed by the stirrups legs to the total ultimate 
moment, they did not use it for assessing the inclination of the 
compression block on the top of the beam. 	Instead they assumed that 
the beam failed by rotation of the beam and crushing of the concrete 
about a fulcrum constantly inclined at 
45k) 
 to the axis of the beam. 
Their! 
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Their first ultimate strength equation given as 
= 	0 {fifl2b+fA(dfl)+f 	Asp (d-d-n).b 3Cot 
d" (b Cot c< +dt_b)f 
was further simplified by introducing the expression for the neutral 
axis 
n = f 	+f.b,.Cot.o( 
yst ypS 	.i 
2.f' .b 
c 
to give the equation in its final form as 
Mb1+O} = A 	. (d -n)+f st l 	yp 
.A 	.b Cot-_ (d-d -n) sp s 
ry.  
-f. A. d"(bCot+d'-b) 
yp sp? 
(2.9) 
They carried out an experimental investigation on eighteen hollow 
under-reinforced beams having three depth to breadth ratios of 1.25, 
15 and 2 and tested under different ratios of bending to torsion. 
From this experimental part of the investigation they found that the 
reinforcement passing through the failure surface invariably reached 
yield stress. 	In comparing the results given by their theoretical 
expression for ultimate strength with those obtained from their 
experimental work as well as those obtained from tests of some previous 
workers, they found good agreement between theoretical and experimental 
values and pointed out the practical applicability of their equation. 
In their conclusions they emphasized the applicability of their 
equations using compression fulcrum inclination of 
450 
 for the ultimate 
strength of rectangular reinforced concrete beam and even for Tee and 





reliable guide for the preliminary assessment of the strength of a 
section under combined bending and torsion,, where M is flexural 
strength of the section and 0 is the ratio of applied bending to 
torsion. They proposed a load factor of two on the ultimate moment 
for use at working load design, restricting the crack width to less 
1. 
than 	in. They also pointed out the improvement in the moment of 00 
resistance of a beam under combined bending and torsion as a result 
of an increase of transverse reinforcement, and mentioned the 
reducing effect of cracking on the torsional and flexural stiffness 
of abeam under this combined loading. 
Fairbairn 8 in dealing with the problem of combined bending and 
torsion on reinforced concrete classified his study at the problem in 
three stages. The first stage was concerned with the behaviour of 
beams during the initial stages of loading prior to the first cracking. 
From his study at plain concrete within the range of this stage he 
developed theoretical expression for the initial angle of cracking. 
He based his analysis on a semi-plastic relation of--stress-strain for 
pure bending and also on a fully plastic relation when the beam is 
subjected to pure torsion. He concluded that the initial angle of 
cracking is the same for either solid or hollow sections and that it 
depends on the bending to twisting moment ratio, 11011. 	The expression 
for the angle of crack was given in three different forms depending on 
the range of 0-ratio. 	 . 	. 	. 
• O;63 
For 0<2 	 Cota 	 .. 
• 0.8 
	
For 2 .0 	8 	 Cotc* = 	 (2.10) 
and for 	0 > 8 	 Cotct = 0.10. 
In the second stage he studied the behaviour of the beam beyond 
the! 
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the initial cracking and at ultimate strength. 	He adopted the ultimate 
equilibrium theory originated by the Russians for his failure 
mechanism, thereby assuming failure taking place by rotation about a 
hinge in the compression zone and parallel to the neutral axis, the 
latter being parallel to the top face of the beam and inclined at an 
angle to the longitudinal axis. 
He used the angle of crack, the dimensions of the beam and the 
neutral axis depth at ultimate to determine the horizontal angle of 
inclination of the neutral axis, i.e. that of the compression hinge. 
The analysis was restricted to under-reinforced beams and hence 
failure is caused by the rise of the netural axis and eventually 
crushing of the concrete in the compression zone as a result of the 
excessive elongation of the tnsile reinforcement at constant yield 
stress. 
Fairbairn followed an exact mathematical analysis using the 
principal of least work in deriving the ultimate moment equation, but 
this resulted in a complicated expression. 	To put it in a form which 
could be useful for design purposes, he introduced some simplifications 
by using the expression already derived for the inclination of the 
angle of crack and that of the compression zone depth. 	He presented 
three design equations, one of which had the advantage of being 
independent of the bending moment to twisting moment ratio (0). 
In the last part of his investigation he considered the application 
of his work on the already mentioned stages to the problem of 
reinforced concrete grillages loaded normally to their plane and thus 




In verifying his theoretical analysis he carried out 
experimental work to justify the assumptions introduced and to 
compare the theoretical results with those of the tests and he found 
good agreement. 
Making use of the angle of crack as proposed by Fairbairn and 
using the ultimate equilibrium method suggested by the Russian 
investigators, Saw Kulh 9 deve1oped a simplified ultimate moment 
equation for beams subjected to combined bending and torsion. 
The equation he derived was based on the contribution of both 
the longitudinal and transverse reinforcement. He also presented 
a method for computing the position of the neutral axis and 
consequently used this in the above analysis for obtaining the lever 
arm of the internal moment of resistance of the section. 
Shown below is his equation for ultimate strength of a beam 
subjected to combined bending and torsion. 
Mbu = ALfL(fl.% + 	 (2.11) 
2 	S 
The depth of the neutral axis 'in" was given as 
n = CIALfL 
2 , 3Cb 
Where 
M.bU 	
= Ultimate moment. 
AL? L 	
= Area and stress on longitudinal tensile reinforcement. 
AT?f T 	
= Area and stress on transverse reinforcement. 
S 	 = Spacing of stirrups. 
b 	 = width c/c of a stirrup. 
d 	 = Effective depth of a section. c1 & 	Constants 
Also! 
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Also in his theoretical analysis he mentioned the effect of torsion 
on the bending capacity of the beam and showed that torsion reduces the 
bending capacity. 	Furthermore, he showed the contribution of the 
longitudinal reinforcement to the torsional resistance and the 
compensating effect of the transverse reinforcement on the bending 
strength of the beam. 
Saw KUM extended his investigation further to estimate the 
balanced reinforcement for combined bending and torsion by comparing 
the balanced longitudinal reinforcement to that for pure bending. 
He used two methods for calculating the minimum and maximum transverse 
torsional reinforcement for yielding of the steel to occur, namely 
1 - The intensity of force method. 
2 - The internal couple method. 
For the sake of simplicity and promotion of the method of design 
proposed by him he presented design charts which were even useful for 
the purpose of analysis. 
He analysed 15 beams which comprised the total number of beams 
in his experimental work, together with 43 beams tested by other 
previous investigators, to verify the validity of his equation. 
The main conclusions he drew from his work were: 
1 - The ultimate moment consists of contributions from 
longitudinal and transverse reinforcements. 
2. - The longitudinal reinforcement in the tension zone 
contributes to the torsional resistance, while transverse 
reinforcement contributes to the bending resistance, 
beside the reduction effect introduced by torsion to 
bending capacity of the beam. 
3/ 
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3 - The provision of reinforcement according to his balanced 
ratio ensures that yielding of the steel occurs. 
Khalil (10) investigated the behaviour of prestressed concrete 
under combined bending and torsion with the objective of studying 
the effect of prestressing and provision of web reinforcement on the 
interaction between bending and torsion. 	His experimental work 
consisted of testing forty beams, plain, uniformly prestressed and 
eccentrically prestressed. 	In some eccentrically prestressed beams 
web reinforcement was added in the form of closed stirrups. 	In all 
the prestressed beams, post-tensioned unbonded wires were used. 	The 
beams were tested under different ratios of bending to torsion varying 
from pure bending to pure torsion in each of his series of beams. 
The bending and torsion moments were applied simultaneously in 
increments up to failure with the ratio between them kept constant for 
each beam. 
From his laboratory observations, Khalil divided the beams in 
each series into groups depending on the magnitude of bending moment 
at failure and this grouping was based on the mode of failure. 	He 
reported that some beams failed abruptly at the formation of the first 
crack while others carried further load after the first cracking of 
the concrete. Considering the differences in the mode of failure 
of each group and due to the difficulty in deriving one expression for 
prediction of the ultimate moments of all beams under any combination 
of bending and torsion, he presented his theoretical analysis 
according to the amount of bending moment at failure. 
The theoretical analysis he gave was based on the assumption that 
the compressed concrete due to flexure and the web reinforcement if 
present! 
zz 
present both contributed to the torsional strength of the section 
In order to predict the torsional strength, the beams in each 
series were divided into three groups according to the value of the 
bending moment at failure, namely 
a - 	 Beams failing under bending moments less than the 
cracking moment under pure flexure. 
b - 	 Beams failing under bending moments between the cracking 
moment and 80% of the pure bending moment. 
c - 	 Beams failing under bending moments higher than 80% of 
the pure bending moment. 
Thus, by knowing or assuming the value of the bending moment at 
failure, the depth of the compressed concrete could be found from the 
equations of equilibrium, then the twisting moment required to produce 
failure could be determined. 	In the condition of presence of the web 
reinforcement, the couple formed by the stirrups intersected by the 
failure crack in the uncompressed concrete would add to the torsional 
resistance of the compressed concrete. 
In his conclusion he mentioned that the elastic torsion theory 
can predict the cracking moments using the maximum stress theory and 
providing that the bending moment exceeds the cracking moment under 
pure bending. 	For beams failing under bending moments less than the 
above limit, the cracking moment is taken as the cracking moment of a 
beam subjected to pure torsion. Also he concluded that the ultimate 
moments are the same as the cracking moments for beams failing under 
bending moments less than the cracking moment in pure flexure. 
4 h' 	'y'.l ----------------------------------..--.--.-- 
strength of prestressed concrete hollow rectangular beams. 	He tested 
a! 
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a total of thirty-nine beams under different ratios of bending to 
torsion ratio with the bending and twisting moments applied 
proportionally to keep the ratio constant. The beams he tested were 
arranged into four series, according to whether uniformly or 
eccentrically prestressed and whether containing or not containing 
stirrups. From his experimental work, El Neima found that the 
bending moment to twisting moment ratio determines the mode of failure 
for those beams containing no transverse reinforcement whether 
prestressed uniformly or eccentrically. 
For beams containing no stirrups subjected to low ratios of 
bending to torsion, he applied the maximum stress criterion to predict 
the moment at the first crack which is the failure moment for these 
beams. 	As for those eccentrically and uniformly prestressed beams 
under high ratios he also used the above mentioned criterion for 
predicting the moment6 at the first crack but in assessing their 
ultimate strength he applied the method of equilibrium of internal and 
external moments about an inclined axis. 
Concerning those beams which contain stirrups he reported that all 
these beams could carry a considerable amount of loading after the 
appearance of the first crack, a feature which shows the effect 
introduced by the stirrups on the behaviour of beams. 
Though all those beams with stirrups could carry further amounts 
of load after their first crack he could not give a common expression 
for predicting the ultimate moment of the beams under all combinations 
of bending to twisting moment due to the difference in modes of failure. 
Irstcad 
 
!in divided the htcams into thoc tested under high ratios of 
bending to torsion and analysed by applying the ultimate equilibrium 
method/ 
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method and for those tested under low ratios their ultimate twisting 
moment was assumed to consist of two parts, one part contributed by 
the stirrups and the other due to the resistance of the concrete. 
From his investigation of beams without stirrups he concluded that 
prestressing increases the torsional strength of hollow beams giving 
the following expression for the maximum permissible twisting moment 
for a prestressed hollow beam. 
M 	= M Ii 
t t  
where 
M 	= The torsional strength of the equivalent plain 
concrete section. 
f 	= Effective prestress in concrete. 
= Tensile strength of concrete. 
He emphasised, as well, the maximum stress concept together with 
the assumption of plastic shear stress distribution as the criterion 
for predicting the cracking moments for these beams. For beams 
without stirrups he also concluded that the ratio of bending moment to 
twisting moment influences the distribution of torsional shear stress 
and also determines the behaviour of the beam. 
As for the conclusions he drew for beams containing stirrups, he 
reported that the addition of stirrups increased the ultimate strength 
for all combinations of bending to torsion. 	He also reported that 
the presence of stirrups does not affect the elastic behaviour of the 
beam nor does it affect the cracking moment. 	He also stated that for 
beams containing stirrups tested under high flØI ratios the main 
contribution to the ultimate strength comes from the prestressing wiie 
and the longitudinal mild steel reinforcement and little from the stirrups. 
Finally! 
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Finally he suggested a design procedure according to the following 
points: 
1 - The bending moment Mb and the twisting moment Mt are 
calculated according to the loads on the particular 
structure. 
2 - A suitable load factor is chosen. 
3 - The dimensions of the section and the amount of pre- 
stressing are assessed in accordance with standard 
methods. 
4 - If Mb/Mt < 3 the following equation is used to give 
area and spacing of stirrups. 
M = M +O.8A f 	
b cotc.d' 
tu 	tc 	WY. WY S 
5 - If Mb/Mt > 4 the following equation is used to give 
area and stirrups spacing. 
Mbu = (1 cotY ) 	Sy + A St* 
 f )(d - d2 ) + f. 
2 	2 
 
0.8A .f .cotc 
4 C2 b .n(d - n) 	
+ 	W Wy 
2. 	sin y S 
- d2 )coty + (d - fl) 2 cota]) 
Late in 1971 Lampert 14 published a paper in the Proceedings of 
the Institution of Civil Engineers dealing with the problem of torsion 
and bending in concrete beams. The paper gave a method of design 
applicable to both, prestressed and reinforced concrete members, and 
was based on the space truss theory which is considered as the principal 
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tool in the design for torsion in Europe. The space truss model pre-
sented was basically developed for the case of pure torsion, then ex-
tended to cover the case of combined bending and torsion up to the 
limiting condition of flexure. This space truss approach treats the 
longitudinal reinforcement, considered to be concentrated at the 
corners, as the longitudinal members of the truss with the stirrups 
acting as the lateral tension members and the concrete between the 
cracks behaving as the compression diagonals. In applying this approach 
to prestressed concrete beams at ultimate, Lampert considered them as 
ordinary reinforced beams with an equivalent area of steel with the same 
yielding force as that of the prestressing tendon. 	In this paper and 
for the sake of simplicity he started by applying the approach to hollow 
rectangular sections subjected to torsion then later dealt with the 
general cross-section. As for solid beams subjected to pure torsion 
he treated them as hollow and stated that the solid core has no contri-
bution in torsion and what matters is the dimensions of the reinforcing 
cage. 	Based on a'45 degree truss for torsion he extended his design 
equations to the case of combined torsion and bending and showed that 
the longitudinal reinforcement is composed of torsional and flexural 
contributions. These contributions are additive in the tensile zone 
and subtractive in the compression zone. 
As for the case of bending, torsion and shear he recommended that 
the design should be carried out for bending and shear then the section 
checked for torsion. Throughout his approach he specified the quantity 
of reinforcement used as not exceeding the maximum allowable for an 
under-reinforced section in pure bending so as to guarantee yielding 
in three sides at failure. 
(15) 
Collins and Lampert published in 1972, in the August edition of 
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the Proceedings of the American Concrete Institute, a paper on the 
torsion and bending of concrete beams. They presented their paper 
with the aim of establishing a procedure for the behaviour of concrete 
beams subjected to combined bending and torsion and clarifying the con-
fusion created by the seemingly contradicting papers published on the 
subject. In dealing with the subject they showed that both the space 
truss theory, developed basically for the case of pure torsion, and 
the skew bending theory originally developed from the conventional 
flexure theory, gave compatible and satisfactory results for the ulti- 
mate behaviour of concrete beams subjected to torsion and bending. They 
also indicated their applicability to both prestressed and under-rein-
forced concrete beams to ensure the failure by yielding of the reinforce-
ment. They recommended that the design for torsion should be based on 
a 45 degree truss as it gives simpler design equations than those suggested 
by the provisions of A.C.I. 318-71. 	In designing for combined torsion 
and bending they emphasised the use of the interaction equations and 
pointed out that the steel required in the tensile zone is the sum of 
that needed for torsion and that for bending, while that in the compression 
zone is that needed for torsion less that for bending. From the cor-
relation of the theoretical interaction curves based on these two theories 
with the results of extensive experimental work carried out in many 
places they drew the conclusio.n that the problem of torsion and bending 
in concrete beams was basically solved. 
Combined torsion and bending was the subject of a paper published 
(16) 
by Martin and Wainwright in November, 1973 in the Proceedings of the 
A.S.C.E. They restricted their analysis to beams of rectangular cross-
section with longitudinal prestressing steel only. Their theoretical 
analysis was related and based on the three observed modes of failure. 
The .first mode occurred after extensive cracking at the soffit of the 
beam and took place by crushing of the concrete on the top of the beam 
on a skewed plane. The second observed on beams with lower bending 
to torsion ratios and failure was initiated by cracking on the middle 
of one of the longer sides and eventual crushing of concrete on the 
opposite side about a skewed plane. The third mode occurred in beams 
subjected to low 4)-ratio and eccentrically prestressed. 	As -for the 
- 	other two, failure of the beams with this mode occurred as a result of 
skewed bending with the crushing zone on the bottom of the beam. The 
theoretical analysis for mode one incorporated the dowel action of the 
prestressing reinforcement in the tensile zone when this reinforcement 
is not free to move inside the ducts. They considered this force as 
negligible in the steel on the compression side. Later they modified 
this analysis to cater for the free movement of the bars inside the 
ducts and thus eliminating the dowel action normal to the tension steel. 
Finally they applied their theoretical analysis to experimental work and 
to the work of five other investigators. They compared thes results 
with the corresponding experimental values and found that for all three 
modes a mean value of T ext theory 
IT 	= 1.01 with coefficient of variation 
of 16%. 
2.3 Summary and Conclusion:- 
From the review of the available previous work it is clear there 
are three failure criteria for concrete under combined bending and 
torsion. 
a) Criterion employing the classical theories of strength. Within 
this category the maximum stress theory, due to Rankine, is the 
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most commonly used one for assessing the strength of plain 
concrete. This theory has been used by Cowan 	and 
later adopted by Evans and Sarkar 	, Fairbairn(8) 	and 
(11) 
El Neima 	to explain the behaviour within the elastic 
range and to predict the strength at ciécking for reinforced 
and prestressed concrete beams. 
Criterion based on observed behaviour and failure mechanism, 
which is mostly represented by the ultimate equilibrium 
method originally introduced by the Russian investigators
(12) . 
The application of this criterion was confined to the stage 
existing after the visco-elastic limit and at the ultimate 
stage just before failure. 
The third one, the space truss model which in common with the 
second one is limited in application to the ultimate stage. 
At ultimate it treats the cracked section of a reinforced or 
prestressed concrete beam as equivalent to a space truss. 
The main reinforcement act as the longitudinal members of the 
truss, the stirrups as the lateral tension members and the 
concrete between the cracks as the diagonal compression members. 
From the previous work review it appears that all three criteria 
give satisfactory results provided that they are used within the appro- 
priate range. In many of these studies use was made of more than one 
criterion. Often two criteria, namely (a) and (b), being combined to 
cover the whole range of loading. 
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This chapter deals with the experimental investigation of two 
series of post-tensioned prestressed rectangular hollow beams. 
Description of the specimens as well as the formwork arrangements 
and the materials used are given. 	Details of the test rig together 
with the methods of testing the beams and the control specimens are 
described. 	These tests are conducted on two series of beams, 
totalling sixteen beams altogether and one plain concrete beam for 
comparison. 
3.2.1 Series I: Uniformly prestressed concrete hollow beams 
without web reinforcement 
This series consisted of eight hollow rectangular beams, each 
seven ft. long with outside dimensions 8 ins, by 6 ins, and inside 
dimension of 5 ins, by 3 ins., giving a uniform wall thickness of 
1.5 ins. 	The beams of this series were uniformly prestressed and 
contained neither longitudinal nor transverse mild steel reinforcement. 
This series is designated by the two letters (HU) and a subscribing 
number, the H letter designating the hollow section, the U letter 
uniform prestressing and the subscribing number the applied bending 
moment to twisting moment ratio. One beam of this group was tested 
under pure bending, another one under pure torsion and the rest under 
different ratios of bending to twisting moments. 
The uniform prestressing was applied by four wires of 0.276 ins. 
ter posit! e9 	shown in Fig. 3.1(h) . 	Th wires were left 
unbonded. Each wire was stressed initially with a force of 9600 lbs. 
After! 
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After allowing for the losses due to creep, relaxation of steel, slip 
of anchorage etc., the effective force on the wire was 7260 lbs. so  
that the effective prestress in the cross-section of the beam was 
880 lbs./in. 2 . 	Each specimen was supported at points 6 ft. 6 ins. 
apart and this length was divided into three equal portions of 2 ft. 
2 ins. 	In the two outer ones reinforcement cages were installed 
with the. aim of ensuring failure within the middle testing zone. 
Typical longitudinal and cross-section are shown in Fig. 3.1(b). 
3.2.2 Series II: Uniformly Prestressed Concrete Beams with 
Web Reinforcement 
Eight beams were tested in this series, they are of the same 
length and cross-sectional properties as those of Series I, but 
differing in that the reinforcement cage is maintained throughout 
the beam length. The longitudinal reinforcement consisted of four 
bars each of 1/4 in. in diameter. 	The stirrups on the two outer 
portions of the beam were of 1/4 ins, diameter positioned at 3 ins. 
spacing while inside the test zone they were of 3/16 ins, diameter 
positioned at 3 ins, spacing. Two of these beams were tested under 
pure torsion and pure bending while the remainder were tested under 
various ratios of bending moment to twisting moment. These beams 
were subjected to the same uniform prestress of 2BOlbs./sq.in. as 
those in Series I. 
3.3 Materials: 
3.3.1 Steel: 
(a) The longitudinal reinforcement was made from 1/4 in. dia-
meter mild steel bars having the following properties: 
Yield! 
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Yield stress 	 = 42,000 lbs../in. 2 
Ultimate stress 	= 54,000 lbs./in. 2 
Modulus of Elasticity = 29 x 10  lbs./in.2 
(b) The stirrups within the test zone were made of 3/16 in. 
diameter mild steel bars having the following properties: 
Yield stress 	 = 37,400 lbs./in. 2 
- 	Ultimate stress 	= 48,700 lbs./in. 2 
- Modulus of Elasticity = 32 x 106  lbs./in. 2 
- 	(c) The prestressing . steel was plain high tensile steel wires 
with indentation on surface for ensuring high bonding in case of 
grouting. 	It was supplied in the form of coil of about seven feet 
diameter. The stress-strain curve for the wire is shown in Fig. 3G 
and from it the following properties are obtained: 
0.2% Proof Stress 	= 208.000 lbs/in 2 
Ultimate stress 
Modulus of Elasticity 
= 234,000 lbs./in. 2 
= 27 x 10  lbs./in.2 
3.3.2 Concrete: 
A rich mix was used for all the beams of the two series. The 
mix ratio by weight was 1:1:2, i.e. cement:sand:coarse aggregate 
respectively. Natural sand and rapid hardening cement were used. 
Coarse aggregate with maximum size of 3/8 in. was used. This is in 
compliance with the recommendation of C.P.114 that the wall thickness 
should be at leastfour times the maximum size of the largest 
aggregate. A water/cement ratio of 0.45 was used. 	Slump and 
compacting! 
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compacting factor tests were carried out with the following results. 
Average compacting factor 	= 0.90 
Average slump 	 = 2.5 in. 
3.4 Production of Beams and Control Specimens 
3.4.1 Mould and Core: 
The mould was manufactured from a steel channel 5 in. x 3 in. 
x 3/8 in. and two plates 1/4 in. thick. 	The plates were of the same 
length as the channel and were fixed to its flanges by bolts and nuts 
using the full width of the web as the width to the beam. The plates 
were connected to the channel so that the top edges were flush with the 
top face of the beam when casted. The two end plates which have the 
same geometrical shape as the cross-section of the beam were fixed to 
the side plates and the channel web underneath by bolts and they were 
seven ft. apart. 
The hollow part of the beam was formed by a rubber core consisting 
of two square rubber sections 2 11 in. x 2 12 in., one fitting on top of 
the other, and packed by a 1/2 in. thick plywood board on one side 
giving the core an overall cross-section of 5 in. x 3 in. 	The two 
rubber sections are stiffened by two steel tubes passing through 
circular ducts within the two sections. 	The ducts for the prestressing 
wires were made using 1/4 in. diameter mild steel bars covered with 
polythene tubes of 3/8 in. external diameter. 	The rods were initially 
oiled and then introduced into the tubes. The preparation of the 
mould for casting was carried out in the following way: 
First the core and sides of the mould were well oiled for easy 
extraction later. The core is then introduced through the reinforce-
ment cage and through one of the end plates which had already been 
fixed! 
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fixed in position, the second plate was then slid over the core and 
fixed in position and the rods introduced through the plates holes and 
the reinforcement cage. By tightening the nuts at the ends of the 
rods and anchoring them against the end plates, the rods were 
sufficiently stretched to produce straight ducts. 	Fig. 3.2 shows the 
mould and core. 
3.4.2 Casting: 
Each beam and its control specimens were cast from the same batch. 
The constituent material was batched by weight and mixed mechanically 
for three minutes in a pan type mixer. The fresh concrete was poured 
to one side of the core until the bottom part of the beam was cast and 
well vibrated then more concrete was added on both sides until casting 
was completed. The beam was then left to take its initial setting 
after which it was trowelled and the surface was given its final finish. 
Three 4 in. x 4 in. x 4 in. cubes, one 12 in. x 6 in. cylinder and one 
20 in. x 4 in. x 4 in. prism were cast from the same batch as the 
specimen beam. 	These control specimens were cast in two layers, 
vibrating each layer for one minute on a vibrating table. After the 
second vibration they were left to set and then carefully trowelled and 
given their final finish. 
3.4.3 Curing: 
The beam and the control specimens were covered with polythene 
sheets for a period of two days after which the rubber core was 
extracted using a cylindrical net grip to reduce its cross-section. 
With extraction of the rubber core the packing plywood was easily 
removed. The rods were then released and pulled out followed by the 
extraction! 
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extraction of the covering polythene tubes. The beam and the control 
specimens were then taken out of moulds and covered with wet hessian. 
After two days the specimens were cured under natural conditions 
outside the laboratory. 
3.5 Control Specimens 
The control specimens were cast to determine the concrete properties. 
The compressive strength of the concrete was obtained from the average 
of testing three four-inch cubes. 	The modulus of elasticity was 
obtained by a non-destructive method using ultrasonic pulses applied 
to the prism. The same prism was then used to find the modulus of 
rupture by supporting it symmetrically over a 16 in. span and loading 
it to failure. 	The direct splitting test was done on the 12 ins. 
cylinder to find the tensile strength of concrete. 
3.6 Prestressing: 
The prestressing of the beam was applied by post-tensioning the 
four 0.276 in. diameter high tensile steel wires using a C.C.L. pre-
stressing machine. 	Stretching the wires was carried out in four 
stages to avoid the high eccentricity and hence the subsequent 
possibility of cracking the section and differential variation in the 
final prestressing force. 	The prestressing force is determined from 
the calibration chart of the load cell fixed at the end of the pre-
stressing gun. After applying the final predetermined prestressing 
force each wire was' anchored to the end plates using cylinder and 
cone anchorages. 	In determining the final prestressing force 
allowance was made for losses due to creep, relaxation of wire, 
drawing-in of wire, compressive deformation of concrete etc. 	The 
beam/ 
36 
beam was tested one day after prestressing. 
3.7 Test Rig: 
The rig used for testing the beams is shown in plate f3(°-) It 
consisted mainly of two parallel horizontal girders spaced 6 ft. 6 ins. 
c/c and 2 ft. 6 ins, above the floor level. 	Another girder placed 
midway between-:-them and resting on two column joists supported the 
load-cell. 
The loading arrangement was designed to enable the application 
of bending and torsion simultaneously within the testing zone. The 
loading system was composed of two torsion arms projecting on either 
side of the beam and fixed to the beam by bolts, with a point load 
seat sliding over the top side of each torsion arm. 	The I-section 
spreader beam rests on these two point-load seats, and by varying 
their position the ratio of bending moment to twisting moment can be. 
varied, with bending arm remaining constant. The load was applied by 
means of a hydraulic jack operated manually with its ram situated 
over the middle of the spreader beam and under the load-cell. 	The- 
load is indicated by a digital voltmeter connected to the load-cell. 
To limit the application of combined bending and torsion to the 
testing zone, the supports of the beam situated 6 ft. 6 ins, apart 
were specially designed to enable the beam to rotate freely about its 
longitudinal axis at the same time giving it simple support for free 
deflection under load. Two angle-arms bolted to the end girders 
served to support both the beam on collapse and the dial gauges for 
measurement of angle of rotation. 	Two shielding screens were 
attached to the rig beyond the ends of the beam as a pzczuion in 
case of failure of any of the wires anchorages. The whole rig was 
supported/ 
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supported on top of two inverted channel sections. 
3.8 Test Procedure: 
For the combined bending and torsion tests the loading device 
enabled the application of bending and torsion simultaneously at a 
constant ratio. 	The increments of loading P' within the elastic 
range were 560 lbs. and as the cracking load was approached these 
were reduced to 140 lbs. At every increment readings for deflection, 
steel strains and concretestrains were taken. 	For the special case 
of pure bending the same procedure was followed but the torsion aims 
were dismantled and replaced by a simple joist beam resting on top of 
the concrete beam. Pure torsion test was carried out on Avery 
torsion machine. 
3.9 Measurements: 
3.9.1 Steel Strain: 
Electrical resistance strain gauges type PL-10-11 were used to 
measure the strain in the prestressing wires with the following 
particulars: 
Gauge length 	 = 10 mm 
Gauge resistance 	= 120 0.3 .0. 
Gauge factor 	 = 2.08 
A westland SL strain recorder with a printing device was used to read 
the strains. 	In fixing the electrical strain gauges the surface of 
the prestressing wire was polished using different grades of emery 
paper, then the surface set free from any grease by rubbing it with a 
piece of cotton imiered in caLo: Ltrachlide. 
The strain gauges were fixed using CN adhesive which has the 
characteristic! 
characteristic of rapid drying. The strain gauges were fixed after 
prestressing at the 3 ins, gap between the one-inch and half-inch 
plates of the anchoring end-plate device. This device was designed 
to serve both the purposes of producing uniform prestressing in the 
concrete and at the same time facilitating fixing of the strain gauges. 
Fig. 3.3 shows diagrammatically this arrangement. 
3.9.2 Concrete Strain: 
The strain in the concrete was measured by Demec gauges with an 
accuracy of 1 x 	The surface of the concrete was prepared using 
sand paper and then cleaned with carbon tetrachloride. The Demec 
points were fixed with Durofix. 	The 8 ins. Deinec gauge was used to 
measure the compressive and tensile strains parallel to the 
longitudinal axis of the beam on the two vertical faces and on th& top 
face of all beams. 	In some beams a 6 inch Demec gauge was used to 
measure strains at right angles to those measured by the 8 inch gauge 
on the vertical faces of the beam to detect the effect of torsion in 
that direction. 	In some other beams, instead of the above mentioned 
transverse measurement, a diagonal measurement using 10 inch Demec 
length was made. Because of the non-availability of a 10 inch Demec 
gauge a 12 inch gauge was adjusted by fixing an adjustable inter- 
mediate knob to give the required 10 inch gauge. 	Readings were taken 
at everyload increment. 	Fig. 3.4 shows the arrangement and positioning 
of the Deinec points and electrical strain gauges. 
3.9.3 Angle of Twist: 
The angle of twist was measured by means of two plate brackets and 
four dial gauges. The brackets were fixed to the beam at a distance 
of/ 
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of 20 ins, on either side of midspan. The four dial gauges were 
mounted on top of each arm close to its edge and at a distance of 
10 ins, from the longitudinal centreline of the beam. Readings of 
the dial gauges were taken at each load increment. 	The angle of 
twist per unit length of the beam is given by the following formula: 
01 + 02 - Ae 1 + Ae3 - tie2 - tie4 
- 	L2 	- 	L 1 L 
 2 
where 
•112 is the length of the arm of the bracket 
L2 is the distance between the brackets centre lines. 	- 
tie1 , tie 2 , tie 3 , and tie4 are the differences in readings of 
the four dial gauges. 
The accuracy of the dial gauges used was 0.0005 of an inch. 
Fig. 3.5 describes the method of measuring the angle of twist. 
3.9.4 	Deflection: 	 . 	 . 
The deflection of the beam was measured by a dial gauge of 
0.001 in. accuracy situated at the middle and underneath the beam. 
Its reading was taken with every load increment. 
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Chapter 4 
Presentation of Experimental Results 
4.1 Introduction: 
This chapter deals with the presentation of results obtained from 
the experimental work on the post-tensioned prestressed hollow beams. 
These results are presented either in the form of tables or graphs. 
Also a description is given of the behaviour of the beams of the two 
series under the various combinations of bending moment to twisting 
moment. 	Similarly an account is given of the observed difference in 
behaviour between the two series as a result of introduction of the 
transverse reinforcement. 
4.2 Behaviour, crack appearance and type of failure of Uniformly 
Prestressed Concrete Hollow Beams without Stirrups (Seriesl) 
According to their behaviour the beams of this series can be 
subdivided into two groups. Those subjected to high ratios of 
bending moment to twisting moment behaved in a manner similar to cases 
of pure bending, while those under low ratios of bending moment to 
twisting moment exhibited a torsional failure. 
4.2.1 Beams under high ratios of bending moment to twisting 
moment (çb;4) 
All these beams failed by crushing of the concrete on the top 
face of the beam about a skewed fulcrum. 	These beams by initially 
cracking on the bottom face, behaved in a similar manner to beams in 
flexure. 	These cracks existed as a result of the combined action of 
torsional shear stresses and tensile flexural stresses after 
neutralizing! 
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neutralizing the effect of prestressing. 	The cracking took place 
when the principal tensile stress, given by the combination of 
torsional shear stress and flexural tensile stress, reached the 
tensile strength of the concrete. 	The angle of inclination of the 
crack to the longitudinal axis of the beam was dependant on the ratio 
of bending moment to twisting moment. 	In the limiting case of pure 
bending the crack was at right angle to the axis of the beam. 	The 
cracks after crossing the bottom face at the particular angle, spread 
upwards on the vertical faces keeping the same inclination up to a 
certain height and then deviating away from the top face of the beam. 
Beam flU8 which was tested under a bending moment to twisting 
moment ratio of 8 failed by crushing of the concrete on the top face of 
the beam about an inclined fulcrum. The first crack on this beam 
appeared at the bottom corner of the section. After crossing the 
bottom face, on applying more load, it spread up the vertical faces as 
a result of the upward shifting of the neutral axis. 	This resulted 
in reducing the area of concrete under compression until finally the 
beam failed by crushing of the concrete. The failure was violent and 
destructive. This destructive behaviour was mainly due to the action 
of the remaining prestressing force on the top wires. 	Figs. 4.1 to 
4.4 show, in some beams, the process of upward shifting of the neutral 
axis with increase of load. 	These figures are produced from the 
recorded longitudinal strain on the vertical faces of the beams. 
Plates 4.1 show the crack pattern of beam RU 8 . This beam showed 
considerable rotation and deflection prior to cracking. 
The behaviour of beam HU was similar to that or'-- beam HU . After 
reaching the highest recorded load this beam started to show 
progressive! 
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progressive rotation and deflection with decreasing load-supporting 
capacity and finally it failed at a load slightly less than the 
highest recorded. 	The failure was violent and destructive resulting 
in the disintegration of the beam. 	Similarly the failure took place 
by crushing of the concrete on the top face and about inclined zone. 
Plate:. 4.2 show the crack pattern for this beam. 
For beam HU4 the cracks started on the bottom corner and on the 
middle of the vertical side at the same time. 	Spreading both ways 
they connected up with each other as the load was increased. Finally 
the beam failed by crushing of the concrete on the top face and about 
a skewed fulcrum. 	The appearance of the first cracks at two locations 
implied a tendency for a change in mode of failure. 	Plates 4.3 show 
the crack pattern of this beam. 
4.2.2 Beams Subjected to low ratios of bending moment to 
twisting moment 
The beams in this group showed a cleavage type of failure 
characterized by clean cracks and the absence of debris. 
Beam HU 3 was tested under a bending moment to twisting moment 
ratio of three. For this beam the first crack appeared on the middle 
of the front face immediately followed by the violent collapse of the 
beam. 	Plate 4.4 show the crack pattern for this beam. 
Beam HU2 was tested under a bending to twisting moment ratio of 
two. A crack appeared on the front face at an inclination of 
approximately 300  to the longitudinal axis of the beam and subsequently 
another crack appeared on the back face having the same inclination as 
that on the front face but in the opposite direction. Following the 
appearance of the second crack the beam collapsed violently. 	Plate. 4.5 
show! 	 . 
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show the crack pattern for this beam. 
Beam Flu 1 tested under a bending moment equal to the twisting 
moment behaved similarly to the above two beams by failing 
immediately after the appearance of the first crack and in a violent 
manner. 	Plates 4.6 gives the shape of the cracks on this beam. 
For all the beams of this group the crack inclination was less than 450 
4.3.1 Behaviour, crack patterns and type of failure of Uniformly 
Prestressed Concrete Hollow Beams with Stirrups (Series II) 
As far as the initiation of cracks and their inclinations are 
concerned the beams of this series are divided into two groups. Those 
tested under high ratios of bending moment to twisting moment lie in 
group one, and those tested under low ratios of bending to torsion 
comprise the second group. The presence of stirrups in all these 
beams nearly eliminated the violent nature of the failure and all the 
beams carried further loads after the appearance of the first crack. 
Table 4.2 gives the experimental ultimate and cracking moments of all 
the beams together with the properties of the concrete obtained from 
the control specimens. 
4.3.2 Beams under high ratio of bending moment to twisting 
moment, 
The general behaviour of this group resembled that of pure 
bending. In this section observations on the behavious of the 
individual beams are given. 
Beam HUS tested under pure bending showed a typical bending 
behaviour by initially cracking at the bottom of the beam and at 
right angles to the axis of the beam. The beam failed by yielding 
of! 
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of the bottom steel and eventual crushing of the top concrete. 	It 
could support additional loading after the first crack. 
For beam BUS 8 which was tested with a 0 ratio of eight the cracks 
first appeared at the bottom of the front face at right angles to its 
axis, then at nearly one quarter the depth of the beam they deviated 
approximately at 45 ° . The deviation of the crack is explained by the 
fact that after the flexural tensile stress neutralizes the compressive 
stress due to prestress at the bottom corner and the crack on 
spreading upwards deviated because of the effect of approaching the 
point of maximum torsional shear at the middle of the vertical face. 
The crack deviated even more as it approached the compression block at 
the top of the beam. This beam failed by crushing of the concrete at 
the top face about an inclined zone. The failure was not violent and 
was preceded by considerable deflection and rotation. 	Plates 4. 
show the crack pattern of this beam. 
Beam BUS 6 followed the same behaviour as the above mentioned beam 
with the exception that it failed at a lower load than that of BUS 8 . 
Its cracks pattern is shown in plates 4.8. 
As for beam BUS4 the early cracks appeared at the middle of the 
vertical side while others appeared at the bottom, but those on the 
bottom were more distinguishable, an indication that they existed 
earlier. 	The appearance of cracks at two different positions at 
nearly the same time implied a change of behaviour of the beams. 
Thus this ratio '0' of the beam could be taken as the transition 
ratio between the two groups. 	Like the other beams this beam failed 
quietly and still by crushing of concrete about a skewed fulcrum on 
the top face. This beam showed excessive rotation and deflection 
and sustained further load after the first crack. 	Buckling of the 
top! 
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top mild steel reinforcement along the crushing zone was noticed. 
Plate:: 4.9 give the picture of cracks for this beam. 
So from the observations mentioned above on the behaviour of 
individual beams, the following common points emerge giving a 
characteristic behaviour for the beams of this group. 	First, all 
the beams cracked at the bottom and the cracks spread upwards on 
increase of load, but the inclination of these cracks depends on the 
bending to twisting moment ratio, 	Second, the beams failed by 
crushing of concrete on the top face about an inclined fulcrum and 
prior to failure the beams showed large deflection, and rotation about 
the fulcrum. 
4.3.3 Beams under low ratio of bending moment to twisting 
moment (4'3): 
In this group beam HUS 3 was tested under a bending to twisting 
moment ratio of three. The early cracks appeared simultaneously at 
the midele and bottom of the front face. On increasing the load the 
cracks spread in both directions then joined forming one main crack 
which deviated as it approached the upper face. Finally, the beam 
failed by crushing of the concrete on the top face. The failure was 
not violent and the beam could support further load after the first 
crack. 
Beam BUS 2 behaved similarly to beam HUS 3 . 	The crack was 
initiated at the middle of the vertical face at nearly the same time 
as that at the bottom of the beam. The crack on approaching the top 
face tended to get flatter. The beam failed quietly by crushing of 
the concrete on the top face. At failure the crack on the bottom was 
very wide and the beam exhibited a large amount of rotation. Plates 
4,I0show the crack pattern and the failure zone. 
Beam! 
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Beam BUS 1 tested under a 0 ratio of one, behaved similarly to 
beams BUS 3 and BUS 2 . With simultaneous cracking at two points, namely 
the bottom corner and the middle of the vertical face. The failure 
resulted from crushing of the concrete on the top face but not about 
a definite zone. The beam showed a large amount of rotation. 
From the above noted observations, it could be said that the 
beams of this group had the following common behaviour. 	First, the 
initiation of the cleavage cracks at two positions simultaneously, 
namely at the middle and bottom of the vertical face. The beams of 
this group exhibited a large amount of rotation prior to failure. 
Also during failure the concrete on the top face crushed about less 
defined zone. Failure of all the beams in this group was not violent 
and the beams could support further load after the first crack. 
Moreover the inclination of these cracks was less than 450• This is 
clearly shown on the plates. 
4.4 Relation Between Bending Moment and Deflection: 
The curves relating bending moment to deflection for the beams 
of the two series are shown in figures 4.5 and 4.6. 	In Series I 
with beams containing no stirrups and for beams under low ratios of 
bending to twisting moments the curves were linear until the beams 
failed. But for beams under high ratios of bending to twisting 
moment of this series the curves were linear up to cracking then 
non-linear beyond cracking showing a decrease in the value of M, 
where M and S are the bending moment and deflection respectively. 
In the case of beams of Series II which contained stirrups, 
the relation was linear up to cracking for all the beams whether under 
high or low 0 - ratios. After cracking there was a decrease in the 
flexural/ 
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flexural stiffness and the deflection increased excessively till 
failure. 
4.5 Relation Between Bending 'Moment and - the - Tensile Strain 'in 'the 
Bottom Prestressing 'Wires: 
The curves relating the strain to the applied bending moment for 
beams without stirrups are shown in Fig. 4.7. For Beams under high 
ratios of bending to twisting moment of this series, the curves were 
linear up to cracking then non-linear after that. In Beam HU, tested 
in pure bending the strain under loading exceeded 0.2%. 	For other 
beams tested under high 0 ratios, it was less than 0.2%. 	For HU8 
tested under a 0 - ratio of 8 the highest recorded strain was about 
0.15% while for that tested under a 0 - ratio of 6 it was just less 
than 0.13%. From these results it is clear that the strain decreases 
with decrease in bending to twisting moment ratio and in beams of this 
series' tested under low ratios of 0 the strains were very small and 
were linear up to failure. 
In the second series, comprised of beams containing web reinforce-
ment, the bending moment - strain relationship was linear for all beams 
under the various ratios up to cracking. After cracking the relation 
became non-linear and the recorded strains were in excess of 0.15% for 
the beams under pure bending and high 0 - ratio. Also in this series 
it is clear that the final strain decreases with decrease in the 0 
ratio. 	Figure 4.8 shows the curves of bending moment against strain 
for this series. 
4.6 Relation between twisting moment and angle of twist: 
Figure! 
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Figure 4.9 shows the relation between the torsional moments and 
the rotation per unit length of the beam for beams without stirrups. 
Beams under low bending to twisting moment ratio show a linear 
relationship till the sections fail, but for those under high ratios 
the curves are linear up to cracking then non-linear and the 
rotations increased until the beams failed. 
For the other series which .j: comprised of beams containing 
stirrups, the curves for all the beams under the various ratios of 
bending to twisting moment are linear up to cracking and then non-
linear and the rotations increased excessively as a result of 
cracking and the subsequent yieldingof the stirrups. 	Fig. 4.10 
shows the torque-rotation relation for this series. 
4.7 Relation between bending moment and concrete strain: 
The longitudinal compressive strains in the concrete at the top 
face, measured by an 8-inch "Demec" gauge and plotted against the 
applied bending moment are presented in Figs. 4.11 and 4.12 for the 
two series respectively. 
In the first series, composed of beams without stirrups, the 
curves are linear up to failure for beams under low ratios of bending 
to twisting moments. With beams under high ratios the curves are 
linear up to cracking, then become non-linear till failure. 
For beams with stirrups the relation is linear for all the beams 
under the various ratios before cracking but then become non-linear. 
Also the longitudinal strains over the depth of the beam are 
measured for the various hems for every increment of the testing 
load. 	Figs. 4.1 - 4.4 show the variation in these strains with 
increase! 
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increase in bending moment for the beams considered. 
The transverse strains were measured on the vertical faces of 
all the beams of the two series, but no change was found for the 
beams, even with change in the 0 - ratio. 
In some beams the compressive and tensile diagonal strains 
were measured on the vertical faces. 
4.8 Relation between steel strain and concrete strain at the 
same distance from the neutral axis: 
The ratio between the tensile strain in the bottom prestressing 
wires and that of the adjacent concrete is defined by the strain 
factor F1 . 	Figures 4.13 and 4.14 give this relationship near failure 
for series I (flu) and series II (HUS) respectively. 
Similarly the relationship between the apparent compressive strain 
in the upper prestressing wires and the compressive strain in the ad-
jacent concrete as defined by F 
2 'is shown in Figures 4.15 and 4.16 for 
series I and II respectively. 
4.9 Cracking Moments: 
Due to the large number of readings taken at each load stage, 
also the problem of detecting the cracks before they are clearly visible, 
some difficulty was experienced in recording the load and resultant 
moment corresponding to the initiation of the first crack. Therefore 
the values of experimental cracking moments given in Tables 4.1 and 4.2 
are the average of the values deduced from Figures 4.5, 4.7, 4.9 and 
4.11 for series I and from Figures 4.6, 4.8, 4.10 and 4.12 for series 
II. These are shown in Table 4.3. 	The cracking moments values in 
these figures correspond to the change in slope of the curves. 
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Plate 4.3(a) General arrangement of test-rig with beam HU4 . 
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Plate 4.4 Crack pattern of beam HU 3 . 
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Plate 4.5 Crack pattern on front face of beam HU2. 
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Plate 4.8(a) Cracks on front face of beam HUS 6 . 
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Plato 4.8(b) Crushing zone on top of face of beam HUS6. 
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Plate 4.11(a) Crack on front face and crushing zone on top. 
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cylinder Modulus Modulus Experimental Experimental - 
Splitting 2/3 of of Crackin 	Moment ..... Ultimate Moment 
Mb. M Mbu Mt  Mb 
u u test. 
f 	= 1.2 
t Rupture Elasticity 
lbs/in Beam Nit lbs/in lbs./ln lbs/in 	. lbs/in lbs./in. .']-hs.in 
tc 
. 	 lbs.in. . . .lbs.in. lbs.in . 
HUOU 
00 6960 4590 366 435 - 4.48 x 
10  
 81.00 - 175.8 - 
HU8 8 7560 3860 430 460 435 4.25 x 10   80.50 •lo.-oG 142.48 17.81 
HU6 6 6230 3380 . 415 405 645 - 74.75 12.16 	. 119.6 19.93 
4 7420 3810 440 455 . 680 4.1 x 106 7325 18.31 102.96 25.74 
HU3 3 6720 3560 410 425 870 - 	 . 63.8 21.27 63.8 21.27 
HU2 . 2 6580 350b 485 420 1060. 4.2 x 106 63.4 	. 31.7 63.4 31.7 
HU1 1 7170 3730 450 445 . 715 4.32 x 10   43.68 43.68 43.68 43.68 
HU0 0 5890 3245 - 390 - - - 45.00 - 	 . 45.00 
P.C.B. 0 6800 3590 - 	 . 430 - - - 30.00 - 30.00 
Table 4.1. , ExperimentaiResuitsofEeries I. 
Cylinder Modulus Modulus Experimental Experimental 
Mb 
splitting 
f =1 22/3 
of of Cracking Ultimate 
u Vu test t Rupture Elasticity 
1•b•c 	.MQflflt... .Mtc, Moment 
lbs.jn. lb,jn. lbs.jn. lbs.in . Beam Mt lbs/in2 lbs/in2 lbs/in. 2 lbs/in2 lbs/in, 2 lbs./in. 2 
HUS 7040 3680 460 440 455 4.3 x 106 84.66 - 197.6 - 
BUS8 8 7000 3660 455 440 555 4.25 x 106 81.25 10.22 188.6 23.58 
BUS6 6 6540 3490 355 420 635 3.95 x 10   75.75 12.63 145.6 24.27 
BUS4 4 7020 3670 385 440 - 4.41 x 106 72.50 131.3 32.83 
BUS 3 3 8400 4160 475 495 660 - 65.00 21.t 100.0 33.3 
•HUS 2 2 7700 3920 425 470 780 4.28 x 
10  
 62.75 3.38- 88.0 44.0 
HUS 1 1 7930 3990 495 480 665 4.4 x 106 44.25 44.25 47.4 47.4 
BUS0 
1-- 
0 6300 3400 - 410 
t 	- -- 	 I 
- - 
I 
- I  50.71 L - - - 	- I 50.71 I 
Table 4.2 Experimental Results of Series II 
Cracking Moments for Series I (HU) in Kip. ins. 
Beam Fig. 	4.5 Fig. 47 Fig. 4.9 Fig. 	4.11 Average 
HUc 80 81 - 82 81.00 
HU8 78 78 (84) 	10.5 82 80.50 
HU6 76 72 (76.5) 	12.75 75 74.75. 
H134 73 75 . 	 (72) 	18 73 73.25 
Cracking Moments for Series II(HtJS) in Kip. ins. 
Beam Fig. 	4.6 Fig. 4.8 Fig. 4.10 Fig. 	4.12 Average 
HUSc, 84 85 - 85 84.66 
BUS8 84 80. (84) 	10.5 77 81.25 
BUS6 74 74 (75) 	12.5 80 75.75 
HUS4 70 75 (70) 	17.5 75 72.50 
HTJS 3 64 66 (63) 	21 67 65.00 
BUS 2 61.5 61.5 (65) 	32.5 63 62.75 
HUS 43 	. 45 . 45 . 45; 44.25 
Table 4.3 Values of Cracking Moments (average) for the beams.. 
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CHAPTER 5 
Behaviour of Prestressed Concrete Hollow 
Beams 'Under 'Combined Bending and.'Torsion 
'Prior to 'Cracking. 
5.1 	General: 
In this chapter it is proposed to consider the behaviour and 
strength of prestressed concrete hollow beams under combined bending 
and torsion prior to, and up to cracking. The intention is to derive 
theoretical expressions for the moments of resistance of the beams for 
the two cases of pure bending and pure torsion, and then extend the 
analysis to give an expression for the case of combined bending and 
torsion. The resistance of the beam in bending is defined in terms 
of the amount of prestressing and the tensile stress in concrete. 
Following a procedure similar, to that of Fairbairn 8)  and Evan and 
Sarkar 7 	and utilizing the above mentioned quantities it is proposed 
to derive expressions for the angle of crack in prestressed concrete 
beams subjected to combined bending and torsion. 
The above mentioned proposal for determining the angle of crack 
is applicable to all beams whether containing transverse reinforcement 
or not. However, the expressions for the angle of crack depend on 
whether the beam is subjected to high or low + -ratios. This variation 
in the form of the expression s due to the fact that those beams under 
high +-ratio start cracking after the prestress is neutralized by the 
flexural stresses at the bottom of the section, while those under low 
4_ratio start cracking with the bottom fibre of the section still under 
the compressive effect of the prestressing. 	The significant effect, 
within this range of loading, introduced by the provision of the trans-
verse reinforcement was the ommission of the violent nature of failure 
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in these beams subjected to low 4)-ratios. 
5.2 Moment of Resistance of Prestressed Concrete HollowBeams in 
Pure Bending: 
In deriving the expression for the resistance of the prestressed 
hollow beams a number of assumptions have been adopted. 	First, plane 
sections remain plain after bending so that the strain distribution, 
both tensile and compressive is linear. 	Secondly, a semi-plastic 
stress distribution is used, as suggested by Cowan 	, for concrete 
in tension, with the elastic strain being equal to the plastic strain, 
and each being equal to half the ultimate deformation. Thirdly, the 
modulus of elasticity of concrete is taken to be the same in tension 
and compression. This second assumption is presented diagramatically 
in Figs..5.1 & 5.2. 	Using the above assumptions the depth of the 
neutral axis "n" is found in terms of the section's geometrical pro- 
perties and the amount of effective prestress. 	Then, in turn, the 
value of "n " is utilized for determining the moment of resistance of 
the beam 




But from Fig. 5.1 
e = f /E 
C 	C C 




 d - n 
The equilibrium of forces horizontally necessitates that the 
difference between the compressive and tensile forces should be balanc  
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by the prestress force: 
C - TP 	 (5.2) 
where P is the prestress force. 
f0tI + (b - 2t) (2n-t)1 - f t[dn) + (b-2t)] 
= f 
Pr 
 tbd - (b-2t) (d-2t)]  
Now substituting f f (-n), = K, t = qd and rearranging, equation c tn-d 
(5.3) can be written in the form: 
fpr+ 	+ 	- 9q 	(3 + 	- 6q)]nd - [2..3 	3q _ 3q 2K 	f 	K + +   
- 3q2 +Pr 
	
+ 	
- 6q)]d = 0 
	
(5.4) 
The above quadratic equation gives the depth of the neutral axis from 
the top face for any uniforinlyprestressed hollow beam. It is clear 
from this equation that the depth of neutral axis is dependent on the 
cross-sectional dimensions, the tensile stress in concrete and the 
amount of prestressing. For the particular cross-section used in the 
	
8 	1.5 	3 related experimental work K = -, q = = substituting these values 
in equation (5.4) gives the depth of the neutral axis for this section 
and the equation is reduced to the following form: 
2 	91 33 fp 	683 	fp 2 n + + - i—] nd - [--- + - -r-- d = 0 	 (5.5) 
The above equation is rewritten to give 'n' explicitly, as 
_ [91 	 + /[ 91 	33 Pr ;  22 + 
	
683 	 2 




Equation (5.6) gives the depth of the neutral axis. The section 
moment of resistance is found by taking the moments of the tensile and 
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compressive forces about the centroid of the section. 
4 	f(l n-t  a t-)+4 —(b 2t=& 	fn2 
2t(d - n) C - }(d - nfl + ft (b - 2t) (- - 	 (5.7) 
When substituting the values f = , t = qd and b = into equation 
(5.7) it is reduced to the following form 
	
2n d n 	d-n d n 	1 	






ft = C  Mb (5.8b) 
-. 	When f reaches the tensile strength of the concrete, 	the section 
cracks, i.e.  
f = f' = C M 
t 	t 	b BC 
(5.8c) 
Equation (5.8b) gives the general expression for the moment of re-
sistance of a uniformly prestressed concrete hollow section under pure 
bending. In applying this equation to the section considered in this 
work which has K = and q = 	, equation (5.8) reduces to 16 
2n (12-n)(8-n) (8+3n) 	39 	' '39 (2n+3) 
= – t " 
	




2 	........................................ 	 ' 
31 	2n (12-n) + (8-n)(8+3n) 	39(2n+3) 
(5.9b) 
3(8-n) 	6 	256 	8n (8-n) 
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5,3 Torsion of Isotropic Bars: 
Unlike the circular cross-section, the solution for rectangular 
isotropic bars subjected to torsion is complex due to the warping of 
the cross-section. A complex mathematical solution has been derived 
by St. Venant. His stress function, 4' satisfies the partial differ-
ential equation 
ax 2 	ay 2 
	 (5.10) 
In addition the stress function should satisfy the boundary condi-
tion that it is constant at the boundary of the cross-section. For 
multiple connected boundaries as in the case of rectangular hollow beams 
the stress function should satisfy the extra condition of being constant 
along the inner boundary as well. The shear stress components were 
given as: 
T 	= G , 	I 	= -GO - 	. 	 (5.11) xZ y yz ax 
Timoshenka7) o 	gave an exact mathematical solution for equation 
(5.10) for different varieties of cross-section including rectangular. 
Another way of dealing with the problem is by making. use of the 
similarity to some other physical phenomena governed by similar equations. 
This approach evolved the well-known membrane analogy attributed to 
Prandt1 8 , who observed that the differential equation (5.10) for the 
stress function is similar to the differential equation defining the 
shape of a stretched membrane subjected to a uniform lateral pressure. 
This method gives a clear picture for visualizing the shape of the stress 
function. The deflection of a thin elastic membrane loaded laterally 
with uniform constant pressure is given by the following formula 
= -- 	
+ --?- = - 	
. 	 (5.12) 
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where W = Normal deflection of the membrane. 
T = The tensile force per unit length in the membrane. 
P = The lateral pressure. 
By comparing equations (5.10) and (5.12) it could be seen that W 
is analogous to P and to -2. 	The gradient of the membrane surface 
gives the shear stress components. The sand heap analogy is based on 
the same concept. This analogy assumes that the plastic torque carried 
by a cross-section is proportional to the volume contained by the sur-
face of the sand heap and the plane of the cross-section. According to 
the analogy the constant gradient of the sand heap gives the plastic 
torsional stress. For the same - cross-section and for a given maximum 
torsional stress the membrane representing the stress function of the 
applied elastic torque must be tangential to the roof of the sand hill 
at the boundary of the cross-section. 	For a semi-plastic behaviour of 
the material the torque will be proportional to the volume under the 
rigid-flexible membrane obtained by further inflating the elastic mem-
brane so that a portion of it becomes in contact with the sand-hill roof. 
The problem of torsion was also solved by the use of the finite 
element technique.. Shaw , using the relaxation method, gave a 
solution for the problem of torsion in hollow rectangular sections. 
Sarkar 4 and El NeimaU made use of Shaw's work in their theses. 
The author also intends to use this technique. 	Figure (5.3) shows the 
reproduced data. 	From work carried out, Shaw
(19) 
 found the following 
relationship between the twisting moment Mt and the torsional shear 
stress T in the hollow rectangular sections. 
BK2 
= -;L;1 Mt 
	 (5.13) 
where K2 is a factor depending on the dimensions of the hollow section. 
b. is the breadth of the beam. 
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Fig. (5.3) gives values of K 2 for various values of I  and , where 
t is the thickness of the section wall. 
Equation (5.13) can be written as: 
T = C Mt 	 (5.14) 
5,4 Torsion in Plain Concrete: 
Equation (5.14) gives the torsional stress of a plain concrete 
hollow beam when subjected to pure torsion. Under pure torsion the 
torsional shear stress is equal to the principal tensile stress and 
when this becomes equal to the tensile strength of the concrete the 
beam cracks. Formulating these expressions the relation can be written 
as: 
=.t.s. T = 
C M 	 (5.15)tP 
Since plain concrete beams collapse immediately after the appearance 
of the first crack, the cracking moment gives the ultimate torsional 
strength of.the beam. 
5.5 Torsion in Prestressed Concrete: 
In prestressed concrete hollow beams a similar phenomenon occurs 
and failure is associated with the appearance of the first crack. 	In 
these beams the torsional shear stress due to torsion combines with the 
longitudinal stress due to prestress to give a tensile principal stress 
f 	and 
p.t.s 
pr = - 	+j()2 + T 	 - 	 ( 5.16) 
where 
pr is the effective prestress after allowing for losses. 
is the torsional shear stress. 
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When the principal tensile stress reaches the tensile strength 
of the concrete, the section cracks and fails. Now equating 
for f and subtituting C 
t M t  for 't equation (5.16) can be written as 
c = - •  	Pr)2 k (CtMt )2 
But from equation (5.15) 
= 
So 
CtM P  = - ! +jTPr2 4- C M 
Rearranging the above equation gives: 
MM 
or
tJl + c . 
(5.17) 
(5.l8a) 
Mt = Mtpj 1 +  fPr 
I 	f 
! I 1 + 
ct . . 
(5.18b) 
where Mt  is the strength of the section under pure torsion. 
The torsional shear stress (apparent) in the prestressed concrete 





ct=I. 	f 	 (5.20) 
11+ Pr . 
'I 
t 
In the next section the expressions for the torsional shear stress 
given by equation (5.14) and that for the tensile bending 	stress 
given by equation (5.8b) are utilized to give an expression for the in-
clination of the initial crack to the longitudinal axis of the beam. 
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5.6 Angle of Crack: 
In beams subjected to either torsion or combined bending and 
torsion the angle of crack acquires a certain importance in the cal-
culation of the ultimate strength of the beams and even more signifi-
cance in the case of those containing stirrups. 
This significance of the angle of crack emerges from the fact 
that It is a determining factor in finding the inclination of the 
sidered 
compression fulcruin.since it is Con/ 	that this fulcrum is assumed 
to join the points where the cracks on the vertical sides intersect 
the horizontal neutral axis of the beam. 
Moreover, in beams containing web reinforcement the contribution 
of the horizontal legs of the stirrups to the resistance of the beam 
is affected by the inclination of crack in the bottom face of the beam 
as this determines the number of stirrups intercepted and hence the 
contributing force. In the case of the vertical legs the angle of 
crack on the sides affects the force in a manner similar to that des-
cribed above for the horizontal leg and also the lever arm which gives 
this force its effective moment. 
The angle of crack can be derived by making use of the expressions 
derived earlier for the bending and torsional stresses. 	The longi- 
tudinal tensile stress f 1 due to bending at the bottom of the beam 
combines with the torsional shear stress t. to give a principal tensile. 
stress f 	 This principal tensile stress is given as 
f 	ff 
=+_!+i (-) 2 +t 2 
p.t.s 	2 '1 2 
By substituting the values given by equations (5.eb) and (5.14) 
for, f1 and r and making use of the relation - = in the above equation 
M  







+ T2 (5.21) 
When this principal tensile stress reaches the tensile strength 
of the concrete the beam cracks. The inclination of the crack to the 
longitudinal axis of the beam is obtained as: - 
f 	C Ic b4) p.t.s 	b 	I 	2 	 - tan a = = 
- + 1 (—) + 1 	 (5.22) T 2C 2C 
This result could also be obtained diagramatically.. By using 
Mohr's circle the inclination of the crack can be found more readily as 
illustrated in Figure 5.4 for beams with high 4)-ratio, from which the 
angle is found as: 
f 
tan = Pt5which is the same as that obtained by equation (5.22). 
In the case of beams subjected to low +-ratio the effect of the 
longitudinal tensile stress, resulting from the bending component of the 
loading, at the bottom of the beam is less prominant and these beams 
start cracking before this flexural stress neutralizes the stored com-
pressive stress due to prestress. At the stage of cracking the longi-
tudinal stress at the bottom of the section has the value C- f + —) pr Z 
and it is still well within the compressive range.. From the Mohr's 
circle diagram for this group, as shown in Figure 5.5, the inclination 
'a' of the principal tensile stress causing the crack is obtained. 
Hence the inclination (c = 900 - a) of the crack to the longitudinal 
axis of the beam is found. 
5.7 Cracking Moment of Beams under High 4-ratio: 
As was mentioned in the previous section, the longitudinal tensile 
stress due to bending at the bottom of the beam combines with the shear 
0 
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stress due to torsion to give a major principal tensile stress. 
Because of the dominating influence of the bending moment the beams 
crack at the bottom of the beam in a manner similar to the pure bending 
case with the exception that the cracks are inclined to the longitudinal 
axis of the beam. The crack's inclination depends on the + -ratio and 
occurs normal to the direction of the principal tensile stress given as 




Cracking starts when this principal tensile stress reaches the 
tensile strength of the concrete. This stress is equated to the ten-
sue strength as given by equation (5.8c) because of the overwhelming 
influence of the bending moment, i.e. 
f 	f.f 2 	2 
Cb MBC = + .! (J.) ~ -r 
By substituting f1 = Cb Mb and t = C Mt  in the above equation 




2 ( t2 
+ Mb MBC -  'BC 
= 0 	 (5.23) 
Mb 
and by further substituting = jj— and MBC = 	the above equation can 
be written, after rearrangement, as 
+ cb 	Mb f_f=O 	 (5.24) 0 	Mb 
The above equation gives the cracking moment for prestressed 
hollow beams under high bending moment to twisting moment ratio. Beams 
flu8 , flU6 and HU4 in series I are analysed using this equation. 
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5.8 .Crackingmoment of prestressed'concrete hollow beams under low 
bending to twisting moment ratio: 
In this group of beams the shear stress from the twisting compo-
nent of the loading combines with the longitudinal stress, resulting 
from the prestress and the tensile bending stress at the bottom of the 
beam, to give a principal tensile stress. 	Cracking starts when this 
principal tensile stress reaches the tensile strength of the concrete. 
As soon as the cracks appear they follow a quick upward propagation, 
a phenomenon subsequently followed by failure of the beam. Due to 
this type of failure the cracking moments for this group of beams are 
taken as their ultimate moments.. The principal tensile stress causing 
this cracking and hence failure is given as: 




Because torsion is dominant in these beams and since they fail in a 
similar way to those under pure torsion the principal tensile stress 
given by the above expression is equated to the strength of a plain con-
crete beam under pure torsion. The longitudinal stress f1 has the 
Mb 
value -(f - -) where f is the compressive stress due to uniform pr 	 pr 
prestress and is the tensile stress induced by the bending component 
of loading. Expressing the 	 shear stress Ta in terms of the 
applied twisting moment it would be given as C L  Mt. Substituting all 
these quantities in the above equation gives: 
Mb 
C Mt = - pr 	
pr Z 	
+ 	M 	 (5.25) 
Rearranging this expression and substituting = 	then: 
4 
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(Pt) 2 M + 	Mt M - (M + 
	
Mt) = 0. 
Because of the predominant twisting moment and similarity to 
pure torsion the relationship at cracking C Mt 	t = f is substituted 
in the above equation which, after rearrangement becomes: 
M2 +.f'.M 	- f' (f' + f ) = 0 	 (5.26) 
pt t 	Z t t t t 	pr 
Equation (5.26) is used to find the cracking moment for beams HU,, 
HU2 and HU1 . Also it is considered as the ultimate strength equation 
since these beams fail with the appearance of the first crack. 
e 
compression 	 tension 








(a) 	 (b), 	 c) 
Fig. 52: 	Stress and strain 	relation for prestressed 
concrete at the 	formation 	of the first 	crack 
d 

















Fig. 5L. :  Crack and f pt. inclination 
It 
Fig. 55: Crack and f.t.  inclination 03 
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(rpç.p ; 
Ultimate Strenth of Prestressed Concrete Hollow Beams 
A - Ultimate Strength of Prestressed Concrete Hollow Beams without 
Stirrups under Combined Bending and'Torsion - Series 1. 
6,1 	General: 
The analysis for ultimate strength is first applied to the case 
of pure bending, then it is extended to beams subjected to high ratios 
of bending to twisting moment as they behave similarly by showing 
excessive cracking associated with the support for further increase in 
loading. On the other hand, in beams subjected to low ratios of 
bending to torsion the ultimate moment is the cracking moment since 
they fail with the appearance of the first crack. 
In pure bending the ultimate strength of a section is given by 
the product of the force in the yielding tensile steel times its 
distance from the centre of pressure of the balancing compressive force 
in the top concrete. The failure is initiated by the excessive yielding 
of the tensile steel resulting in the rise of the neutral axis and 
eventually the crushing of the concrete on the top of the beam. 
Similar behaviour takes place in the case of beams of this 
series subjected to high ratios of bending moment to twisting moment. 
6.2 Assumptions: 
Listed below are the assumptions utilized in deriving the ultimate 
strength equations; 
1. Based on a specific distribution of concrete compressive stress 
the average stress and the depth of the centroid of the com-
pressive block from the top of the beam are given in terms of 
the cube crushing strength and certain defining coefficients. 
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FAilure of the beam is due primarily to the yielding of 
the tensile steel and eventual crushing of the concrete 
at the top surface. 
Distribution of the concrete strain above and below the 
neutral axis is linear. 
The strain in the steel bears a definite relationship • to 
the strain in the condrete at the same level. 
The tensile strength of concrete is neglected. 
The concrete compressive block is limited to the top flange. 
The coefficients defining the properties of the concrete compres-
sive block are significant since they influence directly the quantities 
contributing to the ultimate moment of the section. The coefficient 
"1" giving the average compressive stress influences the magnitude of 
the compressive block and hence the depth of the neutral axis while 
the coefficient "s" affects the magnitude of the lever arm of the in-
ternal moment since it defines the depth of the line of action of the 
compressive force from the top edge. 	The coefficients given by 
Hognestad, Hanson and McHenry(21) will be used in this work. They 
proposed the average compressive stress at failure as 
3040+0.213u 
U = 3200 + 0.78u hi 
2 where u = cube strength (lbs./in. ) 
• Also the depth of the centroid of the compression block was given 
as 
On = (0.5 - lO250&' 
The second assumption states that the failure of the beam is 
initiated by the yield of the tensile steel; this yield stress for 
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the prestressing.wires is taken as the 0.2% proof stress. 
As for the third assumption it is validated by the strain measure-
ments on the vertical and top faces of the beam as shown in Figs. 4.1, 
4.2, 4.3 and 4.4. The ultimate compressive strain in concrete as pro-
posed by Hognestad, Hanson and McHenry (21) is taken as 
C 	0. 004 	
U 
CU 
- 	8.34 x 106 
The fourth assumption is based on the work of Professor Baker (22) 
who introduced a factor 'F' relating the steel and concrete strains at 
the zone of failure of the unbonded prestressed concrete beam. 
The fifth assumption is a common one in the analysis of structural 
concrete members. 
As for the sixth assumption, it is also supported by the strain 
measurements on the sides and top of beams; besides the assumption is 
on the safe side even if the neutral axis lies belowthe top flange. 
6.3.1 Depth of the Neutral Axis: 
The depth of the neutral axis 'n' is obtained, by equating the long-
itudinal forces just before failure, 
i.e. 	 C = N1 + N2 	 (6.1) 
N =Af 
1 	ssy 
where 	N = A (f. - C F .E ) 	 (6.2) 
2 	s 	c 	n 	2 S (See Fig. 6.1) 
C' =b.n.f 
Cu 
(See Fig. 6.1, for c = b.n.f 	see Assumption 6)
cu 




(FE .0 -f -f ) - F .E .c .d = 0 	 (6.3) 
A 2 S c sy p 	2 S C 2 
From (6.2) 'n' could be found explicitly as 
4b..f 	.F .E • c 
2 	
cu •2 s c.d  2 




6.3.2 . Ultimate Bending Moment: 
The ultimate bending capacity of the beam is found by taking 
moments about the centroid of the compression block for the forces in 
the top and bottom prestressing wires. 
Mb = N1 (d1 - n) + N2 (d2 - 
	 (6.5) 
Substituting the values of N 1 and N2 from equation (6.2), equation 
(6.5) becomes 
(n-d) 
= A f 	(d 	n) + A (f - 	
2 
Mb 	.E ) (d - n) 	(6.6) 
ru 	ssyl . s p c n 	2s 	2 
Equation (6.6) gives the ultimate bending moment of a plain pre-
stressed hollow beam under pure bending after substituting the correct 
value of 'n' from equation (6.4). 
6.4 Beams under Combined Bending and Torsion: 
6.4.1 Effect of the Bending to Torsion Ratio on the Ultimate 
Stress of Bottom Steel: 
From the results of 'the experimental work presented in Chapter 4 
particularly that in the form of graphs of bending moment versus steel 
strain, it was observed that the strain which is a measure of the stress 
in the bottom prestressing wires was affected by the magnitude of the 
applied twisting moment. Under pure bending the strain due to loading 
in these wires reached more than 0.4%. Adding this to that produced 
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by the prestressing would bring the strain in the wires nearly to that 
corresponding to their yield stress. For the other beams tested under 
different 0-ratios, the strains in these wires decreased with decrease 
in 95-ratio. Because of this behaviour the author proposes to introduce 
into the ultimate strength equation the reduction factor j1 in association 
with the stress in the bottom prestressing wires at failure. Also it 
is intended to use another reduction factor 	to cater for the decrease 
in the longitudinal compressive strain in concrete at the top of the 
beam with the decrease in $-ratio. For plain prestressed beams the 
suggested value for j1, given in terms of $, is 	1 	Due to the 
greater ductility shown during tests on beams with high 0-ratio ($ . 4) 
containing mild.teel reinforcement a value of 	is suggested for 
beams belonging to this group and 	for those under low 0-ratio 
($ 3). As for the coefficient j2 the value 	2 is proposed. 
Because of the difficulty encountered in measuring strains towards 
failure, the justification for the value suggested above is obtained 
(11, 23). from the experimental work of other investigators 	 Fig. 6.3 
show .s a correlation of the experimental values of Swamy 23 and El 
(11) Neima 	with the proposed expression for j1 for the plain prestressed 
beams. Since El Neima was the only investigator who worked on 
uniformly prestressed beams with mild steel reinforcement subjected to 
combined bending and torsion, only his data is available and its cor-
relation with the proposed value of j 1 for these beams is shown in 
Fig. 6.4. 	Fig. 6.5 shows thecorrelation of the proposed coefficient 
with the experimental values of Swamy 23 and El Neima. The 
latter, in presenting his data showed only that for beams HUS-10, HUS-6 
and HUS-5, tested under $-ratio of 10, 6 and 5 respectively. As far 
as Ialil's work is concerned, he did not produce any data relating the 
strain or the stress in the prestressing wires to the applied moment. 
6.4.2 Ultimate strength of beams subjected to - High Ratio of 
Bending to TwistingMoments($ 4): 
In this group of beams failure takes place by rotation of the 
two parts of the beam about an inclined fulcrum which is the line 
joining the points of intersection of the neutral axis with the crack 
on the. vertical sides of the beam. 	The distribution of compressive 
stress in the compression block at this stage is assumed to be parabolic 
and the magnitude of the compressive stress and the depth of the centre 
of'pressure are defined by the coefficients given by Hognestad, Hanson 
and McHenry (2 U . The adoption of this parabolic distribution recalls 
the concept of plastic behaviour of concrete at ultimate strength. 
The curves of bending moment versus deflection presented in Figs. 4.5 
and 4.6 in Chapter 4. confirm that those beams experienced large de-
formations as the section approached its ultimate strength, thus 
showing a performance typical of a plastic material. 	Fig. 6.1 shows 
the stress and strain distribution adopted. 
6.4.3 Depth of Neutral Axis at:FaIlure 
The depth of the neutral axis in plain prestressed hollow beams 
is found by equating the compressive and tensile forces perpendicular 
to the plain of the inclined compression hinge. Utilising the 
expression of the angle of crack derived in Chapter 5, the length of 
the hinge can be obtained in terms of the dimensions of the cross-
section and the angle of crack. 	 . 
From Fig. (6.3) the relationship is formulated as 
b Cot 0 = 2d Cotc + b Cotc 	 (6.7) 
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By introducing the relation K = a/b the above equation reduces 
to 
Cot 9 = 2K Cotc + CotC 	 (6.8) 
The length of the compression fulcrum "L" can be expressed as 
L b cosec 9 
=bJ (2K+l) 2Cotc 2 + 1 	 (6.9) 
From the equilibrium of forces perpendicular to the plane of 
failure we get 	 - 
C =N + N2 	 (6.10) 
where 
C=L.n.f 
• 	 cu 	
V 
N =A.j .f .SinG 
l• si sy. 
.4-7d 2  
N = A(f - j.c . 	.F .E )Sing 
• 	2 	p 	2cn 2s 
jl -• ø +l 
V 	 0 and  
By substituting the above values in the-equilibrium equation and 
• 	rearranging,it becomes 
2 
+j2 •C C •F2 •E sL j ifSY_fn 	i2.c.F2.E5.d2 = 0. A Sing
and from the above quadratic equation the depth of the neutral axis 	- • 
at ultimate can be found as 
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4.Lf .j .c .F .E -d
cu 
= 	c F




6.4.4 Ultimate Moment Equation for Plain PrestressedBeams under 
High-Ratios of Bending to Twisting Moments: 
The ultimate moment for these beams is obtained by equating the 
applied external moments resolved perpendicular to the failure surface 
to those generated by the internal forces resolved in the same direction. 
External moments = M u 
 SinG + Mtu CosQ 
	
(6.12) 
In obtaining the internal moments, moments are taken about the 
centroid of the compression block for the forces in the top and bottom 
prestressing wires. 
Moment due to bottom wires = A 
S 
 .j
1 .f sy l 
(d -en) SinG 
n-d2 
Moment due to top wires 	= A (f -jc • 	.F .E )(d.-On)  SinG s 	2 
The internal moment is the sum of the two above quantities. 
n-d2 
Internal moment = A j f (d -n)SinG + A Cf -j .6 • 	F.E ) 
sisy 1 	 s 
(d2- an) Sine. 	 (6.13) 
Now for equilibrium the internal and external moments should 
balance thus 
n-d2 
M. SinG+M CosG = A j f (d -n)Sin9 + A (f -j .c • 	F.E 
tu 	sisy 1 	 s p2 C n 2S 
(d2- an) Sine. 	 (6.14) 
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Mbu 
By introducing the relation 	= 0 and dividing by sin 9 
equation (6.13) is simplified to the following form 
(Ø+Cote) n d 
=A j f (d -n)+A (f -j 	 .F .E )(d..-n) Mbu( 0 ) 	sisyl 	s p 2cn 	2 s 	z 
or 
n-cl 
- 	 A j f (d -n)+A (f - j .E .- F .E ) ( d M (Ø+cote) ¼ s 1 sy 1 	s p 2 c n 	2 s 	2 
(6.15) 
The above equation gives the ultimate moment of plain prestressed 
concrete hollow beams with high 0-ratios by substituting the appropriate 
value of 'n' from equation (6.11). 
B - 6.5 Analysis at Ultimate Strength of Prestressed Concrete Hollow 
Beams with Stirrups subjected to Combined Bending and Torsion 
These beams are identical in every respect with the plain 
prestressed concrete beams mentioned in part A, but with the exception 
that they are provided with web reinforcement within the testing zone, 
and with mild steel longitudinal reinforcement for holding the 
stirrups. The beams of this series, as mentioned in Chapter 4 are 
subdivided into two groups according to the way they crack and with 
respect to the 0-ratio. The beams of the two groups show two 
different modes of cracking. 	Those with 0-ratio >,,4 crack initially 
at the soffit of the beam, while those with 0-ratio < 3 crack at both 
the middle of the longer face and the bottom of the beam. Though the 
initiation of the cracks is different in the beams of the two groups 
nevertheless they eventually fail in the same manner, that-is by 
crushing of the concrete on the top of the beam about an inclined zone. 
The provision of web reinforcement in the form of closed stirrups 
causes differences in the behaviour at failure of these beams especially 
in those with low 0-ratio. In the absence of web reinforcement the 
failure! 	 - 
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failure was sudden, violent and destructive in beams with low 0-ratios 
in particular. The addition of the stirrups produces a gradual, non-
violent pattern. Moreover the introduction of the stirrups generally 
increased the strength of the section for both bending and torsional 
resistance. 
6.5.1 Determination of Neutral Axis: 
At the stage of ultimate equilibrium the forces contributing to 
the ultimate moment of the section taken about the vertical plane 
passing through the failure surface and resolved normal to that surface 
are listed below, see Fig. 6.3. 
The tensile force in the bottom prestressing wires 
N
1 	A s 1 .j .f sy 
 .Sing 
.  
The Tensile force in the bottom mild steel reinforcement 
= AL . 
The tensile force in the bottom legs of the stirrups crossed 
by the failure surface 
T  = 0.8 
The tensile force in the vertical legs of the stirrups crossed 
by the failure surface 
d' Cota 
Tv = 0.8 x 2.At.f. 	s 
-Tensile force in the upper prestressing wire 
n-d2 
N = A (f -j .E . 	. F .E ) Sing 
2 	S p2 c n 2 S 
Force in the top mild steel reinforcement 
- N = A.f.SinG 
vii)/ 	- 
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Vii) 	The compressive force in the concrete compression hinge on 
top of the beam 
C = L.n.f 
Cu 
The factor 'j r ' which appears in some of the above expressions 
needs readjustment. Since the addition of transverse reinforcement 
affected the behaviour of the beams in Series II it is necessary to 
modify the factor 'j 1 ' defining the stress in the steel at the failure 
of the beam. 	The factor is not used in terms involving mild steel 
reinforcement because it is considered that the mild steel due to its 
relatively low elongation property, reaches its yield stress while the 
prestressing wires are well below their 0.2% yield stress. The value 
for 'j' used in the case of plain prestressed beams was 	. 	
But 
due to the great ductility shown by beams containing stirrups as-is 
clear in moment-deflection and torsion-rotation relationships, a modi- 
fied value is considered which gives 'j 1  as 	 or 
20+ 1 
The neutral axis is found by equating the horizontal compressive 
and tensile force acting normal to the vertical plane passing through 
the inclined fulcrum, i.e. 
Nl+ N + T  + N2 =C + 
By substituting the values of N1 , N1 Th, N2 , C and N2 shown in the 
above equation and rearranging, the following equation is obtained 
L.f 
Cu 2 	 b'Cotc 
SinG 	
•f 	+ A f 	+ 0.8 A •f . 	.CotO + A .f -A .j .E .F .E 
1 Sy LLy tty S 
	S. 
	2 c 2 S 
_A.f 1)n_A5 .j 2 .E.d9 .F2 .Es . = 0. 	 (6.16) 
From which the neutral axis depth is obtained as: 
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• j f + A 	+ A f 
b'Cotc 
S 	Sy 	L Ly t.t. s 	.CotO + •4,L.fcu 





6.5.2 Derivation of the Ultimate Moment Equation: 
The forces shown in the previous section generate the following 
internal bending moments which are taken about the centre of pressure 
of the compression block and act normal to it. 
a - Bending moment due to force N1 
= As •ji•fs•Sifl0(di_fl ) 
b -, Bending moment due to force 
= AL.fLy .Sin0(dl_fl ) 
c - Bending moment due to force in the bottom legs of the stirrups 
b'Cotc 
= 0.8 At.ft. 	.Cos0(d1-n) 






e - Bending moment due to reminant force in the upper prestressing wires 
n-d 
= A5.(f -j.E . 	
2 .F2.E5 ) (d2-n)Sin9 
f - Bending Moment due to force in the top mild steel reinforcement 
= A'.f.' (d-n)Sin0 L Ly 
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In expressions (c) and (d) mentioned above it is seen that the 
contribution of the horizontal legs of the stirrups to the resistance 
of the beam is affected by the angle of crack in the bottom face of 
the beam since it determines the number of stirrups intercepted and 
hence the contributing force. While in the case of the vertical legs 
the angle of crack on the vertical faces of the beam affects both, the 
force by the manner described above for the horizontal legs and the 
lever arm which gives this force its effective moment of resistance. 
Besides the previously mentioned points the significance of this angle 
of crack increases since it is taken to be a determining factor in the 
inclination of the compression fulcrum by assuming that the fulcrum is 
taken to join the points where the cracks on the vertical faces inter-
sect the neutral axis of the beam. 
The sum of the moments given by expressions (a), (b), (c), (d),(e) 
and (f) gives the internal moment of resistance of the beam taken about 
the centroid of the concrete compression block. 
M. 	= (A.j.f 	+ ALfL.) (d1-) (Sine)+ At .fty . 0ta (dl_ an) Cos9 in. S I Sy 
d 
22 	 n-d 
+ A f • Cot a SinG + A (f -j.0 . 	2 .F.E ) (d -en). 
.tty 	S 	 S Pc fl 	2S 	2 
- 	.f' (d -en) 
L Ly 2 
(6.18) 
In the above expression for the internal moment of resistance 
of the beam the term for the contribution of the vertical legs of 
stirrups is obtained in a simple form because of the fact that the 
deviation of the crack beyond the neutral axis was not considered. 
76 
Fairbairn 8 in deriving his ultimate moment equation considered the 
angle of crack to be the same on the bottom face and on the sides but 
on the vertical faces he considered its change and deviation beyond 
the neutral axis and incorporated this deviation in the term determining 
the moment contributed by the vertical legs. The author's opinion is 
that Fairbairn's 8 consideration made that equation too complicated and 
that this deviation could be neglected without any serious loss in 
accuracy especially if it is realised that this deviation, takes place 
beyond the vicinity of the neutral axis. 
The external moment resolved normal to the inclined fulcrum is 
equal to 
Mt = MbU 	 tU 
Sin9 + M CosG 
	
(6.19) 
For equilibrium the external moment should be balanced by the in-




 CosG =. A
S 
 .j.f SinG.(d -en) + A .f .Sine  (d 
1 sy 	
-en) 




Cd -n)Cos9 x 0.8 
-. -. 	 + 	
. 	Cotas9 x 0.8
ty 
n-d 
+ Asp 	E. 	2 .F2.E5 )(d2-n)SinO- AL•f y (d2_fl) 	(6.2 
By dividing both sides of the equation by SinG and using the 




Mbu 	 As .i.fs (di_n) + AL.fL. (d1-n) + 
Cot9(d1-On) x 0.8 + At .ft 	 0.8 
n-d 
+ ASPC. n 2) (d2-  n)_ AL.f(d2_On) 	(6.21) 
By rearranging and substituting the proper value of (j) in equation 
(6.21) the finalised ultimate moment equation is given as 
u = (Ø+ cote) 	
A5202 	£5(d1) + AL.fL. (dl_On )  + At. ft. 
b'Cotcte(d) x 0.8 + 
X 0.9 + As(fp_ 0+2 c:S (d 2-  8n)+ ALLy2 
6.6 Beams with Mild Steel Reinforcement under Pure Torsion: 
Cracking of these beams starts at the middle of the longer side 
where the torsional shear stress is maximum. Cracking starts when the 
principal tensile stress due to the torsional shear and prestress reaches 
the tensile strength of the concrete. 	Before cracking the torsion is 
resisted by the concrete section. 	After cracking the stirrups start 
to contribute significantly to the resistance of the beams, at the same 
time contribution of the concrete part start to decrease due to the re- 
duction of the concrete area under torsional stresses. 	Redistribution 
of stresses must have occurred and the resistance of the concrete is 
still appreciable due to the higher compressive stresses resulting from 
the reduction of the effective area. 	It is difficult to asses the exact 
contribution of the cracked concrete section. 	However, in this analysis 
it is considered that the ultimate moment consists of two parts: 
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i) 	Torque due to the vertical legs of the stirrups, assuming 
their yielding after the development of the crack, 
-
d'Cotc.b' o . 8 A
t • ty • 	S 
Torsional resistance of the uncracked part of the concrete 
section assumed to be 2/3 that of the plain prestressed 
section,  
• 	 •.. 	 • 	 ••. 	 f'•l 	f 
	
• 	 • 	 1 t 1 ~ p 
1 tc 	2c 
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Fig. 6.3 Diagram showing variation, of stress in bottom prestressing 
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strain on top of beam with 	ratio. 
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CHAPTER 7 
A Preliminary Method Proposed for the Design 
of Prestressed Concrete Beamssubjected to Com-
bined Bending and Torsion. 
7.1 Introduction: 
In most of the published analytical work dealing with the subject 
of structures and structural members the complexity of the derived ex-
pressions played a major part in prohibiting these expressions from 
being used in an active design role. Considerable effort has always 
been devoted to the task of simplifying these expressions for applica- 
tion in the design process. In other circumstances the task of deriving 
simple design equations is achieved by following a totally new approach 
and employing some simplifying assumptions without sacrificing much of 
the accuracy in adopting-such assumptions. 
With the above objective in mind the author intends to present in 
this chapter a preliminary design method for prestressed concrete beams 
subjected to combined bending and torsion. The use of this method is 
limited to the working range up to the cracking, and is applicable to 
all beams whether subjected to high or low 4-ratios. The design 
equations from this method can also be used analytically to find the 
strength of a designed section under working loads. 
7.2 - General: 
With regard to the relative weakness of concrete in tension the 
main objective of prestressing is to ensure that there are limited or 
zero tensile stresses in the concrete under all conditions within the 
working range of loads. The stress in the high tensile steel wires 
which provide the prestressing force is a maximum during the initial 
stage (transferance process) and all subsequent values are less as a 
result of the various losses resulting from elastic deformation, creep 
shrinkage, etc. However the stress in the tendon is not the main de-
sign criterion; but the state of stress in the concrete which is all 
important under working load conditions and in particular the stress 
values at the top and bottom of the section. Assuming that concrete 
obeys Hooke's law the concrete section may be considered as made of an 
homogeneous material which follows an elastic behaviour. Since the 
concepts of homogeneous material and elastic behaviour are to he 
accepted, the state of the bending stress within the section is simply 
the algebraic sum of the stress combination arising from prestressing 
and the application of the load. In such circumstances a diagramatic 
representation would serve as a useful means of showing the various 
combinations of states of stress as well as showing the section 
properties. 
Starting with the basic equation in pure bending a design method 
is proposed in this chapter for prestressed concrete hollow beams sub-
jected to combined bending and torsion. 
7,3 	Effect of Prestressing: 
In beams subjected to torsion an important consequence of the use 
of prestressing is the increase in the capacity of concrete sections in 
resisting torsional stresses. This increase is proportional to the 
degree of prestressing and thus more torsional strength is gained from 
higher prestressing. As to the way in which this prestress is applied, 
(3,24,20) 
some investigators 	suggested that concentric (uniform) prestressing 
is the best arrangement for a beam subjected to pure torsion. 
Though prestressing in general increases the flexural strength 
of members under pure bending the established -fact is that eccentric 
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prestressing is found to be the best technique and gives the best results 
for this type of loading. 
In consistance with the above mentioned concepts, it is recommended 
by the author in this chapter that the prestressing technique for the 
intermediate case of combined bending and torsion should be a limited 
eccentric arrangement. This suggests, that the value of this eccentricity 
is determined according to the ratio between the bending and twisting 
components of the load. 
7.4 Reasons behind selection of box-section for beams under combine# 
bending and torsion: 
From a theoretical point of view a thin-walled tube provides the 
ideal cross-section for resistance to pure torsion. This is because 
the circular cross-section offers three required conditions: 
Due to its geometry a simple and exact mathematical solution 
is easily obtained. 
The material in the section is equidistantly positioned from 
the centre of rotation of the section thus equally stressed. 
The material is situated at the remotest distance from the 
axis of rotation, i.e. in the highest stressed zone. 
However, hollow circular cross-sections are seldom used. 	In 
practice rectangular and I-sections are widely used in members designed 
for flexure. 
In the case of members subjected to combined bending and torsion 
the hollow rectangular cross-section is a good choice as it covers most 
of the requirements for this combined type of loading. It satisfies 
fully the requirement of bending and is of even greater benefit in pre-
stressed concrete than a solid rectangle due to the reduction in the 
dead weight, bending moment as a result of the saving in material in the 
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hollow core. As for the torsional component the hollow section pro-
vides the nearest practical resemblance to the ideal one, the hollow 
circular section. 
7.5 Basic equations for beams subjected to pure bending: 
The basic equations showing the stresses at the top and bottom 
of the section at the initial state which defines the stage just after 
the transference of the prestressing force from the tendon to the con-
crete section are given as: 
f 	= - - (F. .e - M ) 	f ii A 	1 	 dl ti 
(7.1) 
F. 	 y2 
f 2i 
= - + (F.e - Ma )  
The equations for the stresses in the final stage which occurs on 
the application of full working load (dead plus superimposed moment) are 
similar to those shown above with the difference that the stress dis-
tribution in this case is reversed and also some of the quantities in-
corporated above exercise a change to corresponding new values. These 
equations are: 
+ (M - F. e)' Y, 	f
c 
-(Ma - F.e) •- ? 	 (7.4). 
A clearer picture is given for these equations by presenting them 
diagrainatically as shown in Figure 7.1. The figure also shows the 
section dimensions and properties. These properties which depend on 
the relative proportions of the section are expressed in terms of 
constants a1 , a2 , a3 and a4 . 	In the above four equations account 
should be taken of the sign convention with compressive stresses con-
sidered positive and tensile negative. The quantities used in these 
equations are defined as follows: 
F. 	= the initial prestressing force. 
F 	= RF1 the final prestressing force after losses due 
to creep, shrinkage, etc. 
R - = : reduction factor (due to losses). 
A 	= cross-sectional area of the beam. 
I 	= second moment of area of the section. 
y1 = distance of the top fibre from the centre of gravity. 
Y2 = distance of the bottom fibre from the centre of gravity. 
e 	= eccentricity of the prestressing force. 
Md = bending moment due to self weight of beam. 
Ma = total working moment (dead + superimposed). 
ti = allowable tensile stress at initial stage. 
= allowable compressive stress at initial stage. 
= allowable tensile stress at' -final stage. 
f 	= allowable compressive stress at final stage. 
7.6 Derivation of basic formulae for beams under combined bending 
and torsion: 
Beams under combined bending and torsion are subjected to two 
different types of loading at the initial and final stages. 
At the initial stage the forces acting on the beam are: 
(1) 	bending due to dead weight. 
(ii) the prestressing force. 
These two forces start acting simultaneously on the simply sup-
ported beam as soon as the prestressing force is applied. The effect 
0  
of these two forces is considered on a normal section of the beam, i.e. 
- the section at which the prestressing force is applied and which lies 
normal to the longitudinal axis of the beam. At this stage the 
stresses at the top and bottom fibres of the normal section are governed 
by the allowable stresses £ ti 	ci 
and f . under tension and compression res- 
pectively. By equating these stresses to their allowable values the 
ambiguity introduced by the inequalities could be eliminated and the 
equations substantially simplified. Thus the equations for the stresses 
at the top and bottom at the initial stage will be: 
..yl 
- (F..e - Md) F• = ti 
(7.5) 
- + (F. .e - M ) - = f 	 (7.6) 
A 	 d I 	ci 
At the final stage, that is the limit after which cracking starts, 
the allowable stresses in tension and compression are f and f. These 
allowable values limit the stresses at the extreme fibres of the section. 
The section under investigation at this final stage is not the normal 
section but one inclined at a specific angle to the longitudinal axis 
of the beam. The selection of the inclined section for this stage can 
be easily visualised. In fact it is based on experimental observations 
that at, and prior to, the instant of cracking, the beam bends about an 
inclined section. This section is assumed to be a plane one and is 
normal to the direction of the principal tensile stress causing the 
first crack. 	In other words this section has the same inclination to 
the longitudinal axis of the beam as that of the angle of crack. As a 
result of the inclination of the final section the normal section pro- 
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perties no longer hold, also the magnitude and direction of the pre-
stressing force. These values, belonging to the inclined section, 
shown below are in relation to those of the normal section: 





•(b) 	 (7.7) 
x-x 	sinc 
A' 	 (c) 
sina 
where 
A' and I' are the area and second moment of area of the 
x-x 
inclined section. 
a is the inclination of the section to the longi-
tudinal axis, i.e. the angle of crack. 
The distances to the top and the bottom fibres of the section 
• from the centroid, y1 and y2 , remain constant. The forces, at the 
final stage, acting on this inclined section are: 
(1) 	The effective prestressing force resolved normal to the section: 
F'=Fsinc! 
(ii) The superimposed bending moment which is composed of the torsional 
• component Mt  and the bending component Mb. 
Resolving these two forces normal to the section, they are obtained as: 
Mb sinx + Mt cosct. 
Incorporating the above mentioned force the stresses at the top and 
bottom sides of the inclined section at this stage will be as follows: 
F' 	 • 
+ [M sincz + M.D since + Mt cosct - F.'e] 	= f 
	 (7.8) 
F' 	 y2 
- [M sinci + Mb since + Mt cosa - F'e] 	
=t 	 (7.9) 
Substituting for F', A' and I' their corresponding values in terms of 
F, A and I as shown in equation (7.7) and rearranging equations (7.8) 
and (7.9) are obtained in the following form: 





F 	 2___ 
- [M + Mt cota + Md - Fe] 	= 	2 	 (7.11) 
sin a 
7.7 Derivation of design equations for beams subjected to combined 
bending and torsion: 
An outstanding feature of this proposed method is that the major 
unknown quantities which should be determined in the process of design 
are reached directly in a manner similar to that in reinforced concrete. 
The major steps involved in the design of the section are: 
choice of the shape of the cross-section. 
Selection of its relative proportions. 
Choice of its breadth. 
Determination of the overal depth of the cross-section. 
Determination of the prestressing force. 
Determination of the eccentricity of that force. 
The first step is covered by the selection of a hollow box section 
as the best choice for this type of loading for the reasons mentioned in 
section 7.4. 
In reference to the second and third steps, the overall width of 
the section and the thickness of the box walls are chosen with consideration 
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to the concreting and erection problems. 
The question of the determination of the depth of the section 
will be dealt with in the next section. 
Steps five and six are considered in the last section. 
7.8 Determination of the overall depth "d": 
As one of the major quantities that should be determined in the 
design of a concrete section, this dimension can be found according to 
either the top or bottom stresses. 
7.8.1 Determination of "d" according to stress at top of section: 
Multiplying equation (7.5), which gives the upper stress at the 
initial stage, by the reduction factor R and subtracting it from equation 
(7.10), which gives the stress on the same fibre at the final stage, the 
following equation is obtained: 
f 
	
[Md(l - R) + Mb +Mt coth] 	= 	- Rf.. 	 (7.12a) 
sin  
or





By introducing the section properties the equation will be: 
(1 -R) +M ::
t 	
cota = a2bd3 = 
sin a 
By rearranging the depth of the section according to the top 
fibre stress is obtained as: 
Md ( i -I). +Mb± Mt 
 cota 






a = I- 
7.8.2 Determination of "d" according to stress at bottom 
of section: 
In a similar procedure to that used in the above sub-section and 
by multiplying equation (7.6) by R and then subtracting from it equation 
(7.11) the following equation is obtained: 
. f - . 
IM  (1 - R) + Mb + Mt cota] - = R f - 	2 	 7. 14a)ci sina 
or 
M  (1- R) + Mb + Mt cota 	I 	 (7.14b) 
Rf . -  
sin a 
Introducing the section properties, gives: 
• 	M (1 - R) + M + M cota = 'a2 bd2 . 
 
a 
Rf.-   - ci2 s in a 
Rearranging and introducing a6 = 
	
the equation gives the 
depth of the section according to the stress at the bottom fibres as: 
IMd (l_R)+ + Mtc0ta 	 • 
d=a J 	 f 	 (1.15) 
I b(Rf. - t ci 	.2 
• 	 sin  
• 7.9 Determination of the prestressingforce and its eccentricity: 
Within this proposed method for designing prestressed concrete 
beams subjected to combined bending and torsion, the determination of 
the prestressing force and its eccentricity constitutes the remaining 
major steps. The determination of these quantities is carried out 
according to either the initial or final stages of loading as shown in 
the following sub-sections. 
7.9.1. 	Determination of l!Ftt and "e" according to the 
- 	 initial stage: 
Multiplying equation (7.5) by y 2 and (7.6) by y1 , and adding the 
resulting equation is: 
F 
f y +f y 
2 	ti 2 	ci 1 
By introducing the relationships: 
y1 +y2 =d' 	 (a) 1 
	










(a 4 f ti + a 3  f ci ) A. 
	 (7.17) 
Also by subtracting equation (7.5) from equation (7.6) the 
following equation results: 
F.e 	 Md 
	
f ti (y1 + '2 - - (y
1 + y2) =ci- 
Introducing the section properties and rearranging, the eccentricity 
is obtained as: 
e = - [M + 	ci - 	
a2 bd2 1 	 (7.18) 
7.9.2 	Determination of "F" and "e" according to the final stage: 
Following a similar procedure to that used in the previous sub-
section and by multiplying equations (7.8) and (7.9) by y 2 and y1 respect-
ively, and adding them together, the resulting equation is: 
F 	
+ 	= c y2 + 	
y1 
Substituting 	(y1 + y2 ) = d 
- 	 y1 =a3 d 
and 	y2 a4 d 
in the above equation the prestressing force at the final stage is given 
as: 
F = (a 
4 c 	3 





The eccentricity e is obtained by subtracting equation (7.9) from 
equation (7.8). After introducing the section properties and rearranging 




ft)= i [MID + Mt cotct + Md - 	- 	2 	
(7.20) 
sin  
7.10 Simplifications due to restriction of tensile stresses at the 
initial and final stages: 
Considerable simplification can be achieved in the design procedure 
mentioned previously if the allowable tensile stress is restricted to a 
specific fixed value. Professor Leonhardt(26)  in the fourth of his ten 
commandments for the prestressed concrete designer said "Avoid tensile 
stresses under dead load and do not trust the tensile strength of concrete". 
By following Professor Leonhardt's advice simpler design equations are 
obtained, by equating the tensile stress at both stages to zero, though 
this will make the method conservative. Also by adopting the choice of 
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a box section with uniform wall thickness further simplifications are 
obtained. These further simplifications are concerned with the 
section properties and in particular the distances of the top and 
bottom fibres of the section from its centroid. Due to the symmetry 
in this section y1 = y2 = 0.5d, i.e. a 3 = a4 = 0.5. 
These simplifications reduce the design equations to the 
following forms: 
Value of "d" according to stress at top 
M (1 - R) + 	+ Mt cota - 	
= 	7j 	 b f 	
(7.21) 
Value of "d" according to stress at bottom 
[(1 _R)+Mb+Mcota 




 7a 2 
Value of "F" and " e " according to initial stage 
Fi 	ci 
f • A 	 (7.23) 





Value of "F" and "e" according to final stage 
F2fcA 	 (7.25) 
a bdf 
e = 	(Mb + Mt cota + M - 2 2 
 c) 	 (7.26) 
sin c' 
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7.11 Assessment of the load-factor: 
It was noted in previous studies carried out on prestressed con-
crete beams subjected to combined bending and torsion that the gap 
between the moment at the first crack and that at ultimate decreases 
as the bending to torsion ratio decreases. Actually in low + -ratios 
the appearance of the first crack is shortly followed by the failure 
of the beam. Thus it is clear that this proposed design method when 
based on a constant permissible stress (e.g. tensile strength of con-
crete) will not give an adequate load-factor but one which is much 
higher for high 4-ratios than for low 4-ratios. This problem can be 
overcome by varying the permissible diagonal stress with the +-ratio, 
i.e. reducing it with the decrease in this ratio. 	The ultimate 
strength of the eccentrically prestressed beams designed by this method 
can be obtained in a similar way to that of-uniformly prestressed beams 
as described in chapter six. This will serve as a check for the load-
factor. 
lb 
- 	 ft t. 
f2L 
fc 
CoL 	 dt'c 	o ectv.c3.jot 	7.1 —a.7. 1f. 
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Chapter 8 
Discussion and Correlation of Experimental 
and Theoretical Results 
8.1 	General: 
In this chapter discussionof the theoretical analysis presented 
in Chapters 5 and 6 is given together with critical discussion of the 
studies made by some of the previous investigators with the purpose of 
pointing out the advantages of the author's analysis. 
Computations for four selected beams, two from each series, are 
given. The comparison of the experimental results with the theoretical 
analysis for the beams of the two series are given in Tables 8.1 and 
8.2 also these comparisons are shown graphically in Figures 8.1 and 8.2 
The theoretical analysis is also applied to the experimental 
results of three previous investigators with the purpose of further 
verification. 	To verify the design method presented in Chapter 7, it 
is applied to the beams tested by the author and to the work of other 
investigators as well. 
8.2 	Discussion of the Theoretical analysis: 
8.2.1 Plain Uniformly Prestressed Concrete Beams (Series HU): 
The ultimate strength of the beams of this series are analysed in 
two different ways according to their 0-ratios. For beams subjected 
to low $-ratios the cracking moment, which is the ultimate moment since 
these beams fail immediately after the appearance of the first crack, 
is predicted by equation 5.26, which is based on the maximum stress 
concept and a plastic distribution for the torsional shear stresses. 
This - expression is given in terms of the tensile strength of concrete, 
the degree of prestressing, the modulus of section, the plastic tor-
sional coefficient and the unknown twisting moment. The maximum 
stress criterion upon which this expression is based has been 
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established as one of the main tools in predicting the cracking moment 
for beams subjected to combined bending and torsion. In dealing with 
prestressed concrete beams subjected to combined bending and torsion 
(1) 
Cowan. 	used this approach but the expression he gave was in terms 
of the 0-ratio, the pure torsional strength of the section, the 
twisting and bending coefficients and the required torsional strength 
under combined bending and torsion. The disadvantage of Cowan's 
expression is due to its lengthy procedure when evaluating the strength 
of the prestressed section under combined bending and torsion, i.e. in 
order to find the strength of the section under the combined loading 
it is essential to calculate its strength under pure torsion first 
then use this result in a second calculation to determine the torsional 
strength under combined bending and torsion. Swamy 5 followed a 
similar procedure to that of Cowan but used an expression in terms of 
the pure twisting moment of the plain concrete section and the section 
modulus. This had the same disadvantages as that of Cowan's. Both 
Cowan and Swamy assumed an elastic torsional shear distribution and 
hence they used the elastic torsional coefficient. 	EL Neima's 
expression was identical to that of Swamy with the only difference 
that he assumed plastic distribution for these beams. Also El Neima 
had the same disadvantage with a two-step procedure. 
By making use of the relation between the tensile strength of 
concrete and the torsional strength of the plain section at pure 
torsion and also by assuming a plastic distribution of torsional 
shear stress for beams subjected to low 0-ratios the author avoided 
the two-step procedure and produced a much simpler equation. Using 
this equation to evaluate the cracking moments the ultimate moments 
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for beams' subjected to low 0-ratios can be computed for a known 
section modulus, degree of prestressing and tensile strength of 
concrete. ' 
In those'beamssubjected to high 0-ratios the equation predicting 
the cracking moment given by the author is also simpler and reduces 
the computation procedure in a similar way to. that shown in the case 
of beams with low 0-ratios. This equation is given'  in terms of the 
tensile strength of concrete, the coefficients of bending and torsion 
for a prestressed section and the 0-ratio. The beams belonging to 
this group, unlike those with low 0-ratios, support extra loading 
after cracking. These beams are analysed, because of their ultimate 
,state behaviour, in a similar way to those in pure bending. 	In the 
case of studies carried out on plain prestressed hollow sections under 
combined bending and torsion, Swamy's equation was composed of two 
terms comprising the contribution of the concrete compressive zone 
and the tensile force in the prestressing wires to the ultimate strength 
of the beam. 	Swamy, in evaluating'the force in the compression block, 
suggested a reduced value for the crushing strength of the concrete and 
re1lated this reduction factor to the 0-ratio. 	ElNeirna's equation had 
a similar configuration but introduced the resultant of the torsional 
stress and reduced crushing strength to evaluate the stress in the 
compression block. Although the approach of El Neima appears more 
acceptable than that of Swamy but neither makes use of the fact that 
concrete is assumed to be a homogenous material. Since crushing of 
the concrete takes place about an inclined fulcrum, the stress normal 
to that fulcrum must have reached the concrete compressive stress in 
pure bending. Adopting this conclusion the author substituted this 
compressive stress of the concrete for the stress normal to the 
M. 
inclined fulcrum to find the depth of the neutral axis at ultimate. 
Thereafter in deriving the ultimate strength equation, the author con-
siders that, by expressing his equation in terms of the forces in the 
prestressing steel the equation can be expressed in terms of the 
material with uniform and guaranteed properties. Also since the 
introduction of torsion affects the longitudinal strains, and there-
fore the stresses, a reduction factor is included in the equation 
for the stresses in the steel to take care of this according to the 
variation in the 0-ratios. 
8.2.2 Uniformly Prestressed Concrete Beams with Stirrups: 
For the second series consisting of beams containing stirrups 
and mild steel longitudinal bars, the provision of the reinforcement 
introduced a significant change in the behaviour of the beams, 
especially those with low 0-ratios, in addition to eliminating the 
destructive nature of the failure, the provision of the longitudinal 
and transverse reinforcement rendered the process more gradual and 
all the beams were able to sustain extra load after the first crack. 
This additional load varied with the 0-ratio diminishing as the ratio 
decreased. The change in behaviour and mode of failure is the reason 
for adopting the unified analytical approach to all beams of this 
series. 
8.3 Relationship Between Strain in Prestressing Wires and that 
at Adjacent Concrete: 
From Fig. 4.13 and 4.14 it can be seen that the value of the 
strain factor F1 defining the ratio of the tensile strain of the 
bottom prestressing steel to that of the adjacent concrete, for beams 
containing mild steel reinforcement is higher than that for plain 
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prestressed beams. This variation is due to the binding effect of 
the longitudinal mild steel reinforcement. 	Before cracking, the 
strain in the bottom mild steel longitudinal bars is compatible with 
that of the surrounding concrete as a result of the bond between the 
two. After cracking and as the beam approaches failure the strain 
in the adjacent concrete increases as a result of the widening of the 
cracks. 	This excessive increase in concrete strain in the testing 
zone after cracking is less in beams containing longitudinal mild 
steel bars than that for plain prestressed beams because of the con-
straint applied by the longitudinal mild steel bars. The result is 
a higher value of F 1 for beams of series II (HUS) than for beams of 
series I (HU). 
The relationship between the strain at the top prestressing wires 
and that at the adjacent concrete is defined by the strain factor F 2 . 
This relationship is shown in Figure 4.15 and 4.16 for the beams of 
series (EU) and (HUS) respectively. 	It is clear from the figures 
shown that the factor has the same value for both series. This can 
be readily understood since the conditions in the compression block 
at the upper side of the beams are nearly the same. 
8.4 Examples of the Computations of Cracking and Ultimate Moments: 
Beam HU 
0=3 
Z = 56.2 in.2 
u = 6720 lbs/in. 2 
ft = l.2u = 1.2 x 67202/3 = . 430 lbs/in. 2 
f (See Appendix A) = 880 lbs/in. 2 
pr BK 
C 	= 	
= 8 x 0.25 
= o.00.:i. (From Fig. 53 for K 2 ). 
	
p 6 
Introducing the above data to equation (5.26) rewritten below and 
solving, the cracking moment,, given as the twisting moment 2 is obtained; 
c 2 M 2 +f' M-f' f 	+f)=o. pt t 	Z t 	t pr t 
0.00112 Mt2 + 56.2 x 430 Mt - 430(880 + 430) = 0. 
0.00021 Mt2 + 22.95 Mt - 518150 	 = 0. 
-22.95 -l- 526.7 + 179.28 	- 22.95 -i-26.57 
Mt - 	0.000173 	 - 	0.000173 
= 24.92 Kip.in. 
Mt (experimental) = 21.27 Kips. in. 
expt.. = 21.27
100 = 101%. Theor. 	2.1.92 
Beam flU 	 . 
0 = 8, j i = 	= , j 2 = 	= 	, u = 7560 lbs/in. 2 . 
3040 + 0.213 x 7560 
= 3200 + 0.78 x 7560 )7560 = 3860 lbs/in. 2 , f = 1.2 x 75602/3 
= 460 lbs./in.2 
7560 	 7560 = 0.5 - 	= 0.423, C = 0.004 - 8.34 x i06 = 0.0032 102500 cu 
f 	 - 
E = 	- E 
	
0.0031 - 0.0002 = 0.003, f pr = 880 lbs/in. 2 
C CU  
C  = 0.42:: x 10_ 2  (obtained by substitution in equation 5.9,b) 
= 1.x 10 2 (From-Fig. 5.3), 
Cracking Moment: 
The cracking moment is given by 
( t) 2 	
2 + Cb 	M - f 2 = 0. 
2.6406 x 106  M + 1.932 Mb - 211600 = 0. 
Solving the quadratic equation the cracking moment is obtained 
Mb 
= 930 Kips. in. (experimental 80.5 Kips) 
Ultimate Moment: 
	
Tana= (_ ) 	
( )2 1 = (0.425 x 10_2  XS ) 	
)2 + 1 = 2.981, 
t 2x1.30x10 
Cota = o.3'16. 
Cot 9 = (2K + 1) Cotct = 0.3d16 ( + 1) = 1.46, Sin 9 = 0.566 
b 	6 L = ____ = - = 10.6. in. 
sin9 0.63 
The Depth of the neutral axis at ultimate is given by 
Lf 
Cu 	2 - 
A 
S 
 .sinO - ( 1 2 .E .F .E 	j E .F  c 2 s sy p 	2• c 2
. 




O'6x3860 2 	8 	 6 
0.12 x 0.56 n - ( 
x 0.003 x 0.40 x 28 x 10 - 208000 - 121500)n - 
fo- x 0.003 x 0.40 x 28 x 
10  
x 0.875'= 0. 
n = 0.537, an = 0.255. 	-- 
The ultimate moment is given by 
-n-d 
 2 M. (1 + 10t9) = A .f .j (d -en) + A (f - j .E 	.F .E ) (d -en) 0 	s syl 1 	 sp 	2 c fl 	2 s -2 
0.12 x.208000 x 	(7.125 - 0.255) + 0.12(1215004 -    1- x Mbu (l + 10 
0.127 
1.002 x 0.4 x 215 x 10)0.62. 
Nu = 134.5 Kip. in. (experimental = 142.4 Kips. in.) 
Beam HUS 
-8 	
_2Ø 	16 	 '0 	''8 	 2 
0_s l - 2Ø+1 - TT 2=0+2=i u=7000lbs/in. 
3040+0.213x 7000 	 2 
00 + 0.78 x 7000 )7000 = 3660 lbs/in. , f = 1.2 x 70002'3 f -  
= 440 lbs/  in. 2 
= 0.5 - 7000 = 0.432, C 	= 0.004 - 	
7000 	
= 0.0032. 
102500 	 ctl 
8.34 x 10  
f 
pr 
f = 980 lbs/in. 2 , 	cc = c 
Cu 
- - E = 0.0032 0.0002 = 0.003 
C 
Cb = 0.42 x 102  (obtained by substitution in equation 5.9,b) 
C = 1.58x 10_ 2  (from Fig. 5.3). 
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taxi a = 	( )2 + 1 = 2.52, Cot a= 0.3l:6 2C t 
Cot 9 = (2K + 1) Cota = (.. + 1) 0.16 = i.4, Sin e = o.5 
b 	 6 L= = ___ = 10.1 in. 
SinG 0.54 
The depth of the neutral axis is given by 
L .f 
cu 2 	 ct - (A .f .j + A .f . + A .f 	b'Co 9 + A .f - 
SinG s. sy 1 	L Ly. 	t ty S 	 s p 
A .j • E .F .E . - A'.f' )n - A .j,.c .d .F .E = 0. $ 2.c 2 S 	LLy 	szc . 2 2 s 
After substitution 
10.6 x 3660 2 	 5 x 0.286 n - (24170 + 4120 + 0.8 x 0.028 x 37400 x 	 x 1.049 
0.54 	 3 
+ 12790 - 0.12 x 0.8 x 0.003 x 0.40 x 27 x 
10  
- 4120)n -0.12 x 0.8 x 
0.003x0.875 x 0.4 x 27 x 106 = 0. 
n = o.411 in, 	On = 0.236 in. 
The ultimate moment is given by: 
+ Cot 9) = A. f• i i . (d1-n) + AL.fL. (d1- On)+ 0.8 
22 
Cot 9 (d1-On) + 0.8At.ft 	
1 S 




.F .E ) (d -en) 
s 	2 
substituting the above values gives: 
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M. 	(1 + l.54) = 24170(7.125 - 0.236) + 4120(7.125 - 0.236) + 
DU 8 
0.8 x.0.028 x 37400 x x 
	
x 1.54 x 6.889 + 0.8 x 0.028 
3 
49 x o.36 
x 37400 x 	 + 4120 x 0.639 	0.12 (121500 + 0.94 x 0.003 
3 
0.326 
x. 0•549 x 0.35 x 28 x 106)  0.639 
Mbu = 177.33 Kip. in. 	(Experimental 188.65) 




• 3040 + 0.213 x 7700 
= 	oo + 0.78 x 7700 7700 = 3910 lbs/in. 2
, f = 1.2 x 77002'3 
= 470 lbs/  in. 2. 








8.34 x io 
	
f
pr f = 880 lbs/in2, 	= C 	- 	= 0.0032 - 0.0002 = 0.003 
pr 	 C 	Cu E 
tan 	
pr 	
= 880+470 = 0.59, Cot = 1.694. 
cote = (- 3 - 	 sinG 
+ 1) 1.694 = 6.214, SinG = 0.159, L = 6 
	
= 37.73 in. 
The neutral axis depth is given by 
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• 2 	 b' t Cu 	
- (A .f .j +A f +0.8 A f 	
Co 
a.CotO + A .f - A.j 
sin9 s sy lLLy 	t ty S 	 s p 	s 2c 




 )n - As •j2 
 .E
C 2
.d .F 2* E  s = 0. 
Substituting the above values gives: 
927825n2 - 52278n - 1644 = 0. 
n. =, 0.079 in., 	an = 0.034 in. 
The ultimate moment is given by: 
(1 +CotO) = A
s . f.j1(d1-n) + AL.fLy.(dl_an) + 0.8 At. ft. 
b'cotc 	 ________ 
	
COtG(d -an) + 0.8 A f . 	2cot2 + A (f - j .e 
S 1 	 t ty S 	s p 	2 C 
nd2 
•F .E ) (d -en) 
 s 	2 
By substituting the numerical values the equation is given as 
Ci 
6.21 
2 	 3 
= 0.12 x 20.8000 x -(7.125 - 0.034) + 0.098 x 42000 
(7.125 - 0.034) + 0.8x 0.028 x 37400 x 	1.288 x 3.44 
2 
(7.125 - 0.034) + 0.8 x 0.028 x 37400 x 49 x 1. 288 + 0.098 
42000 (0.875 - 0.034) + 0.12(121500 - 	x 0.003 	
0.079 "'0875 
3 0.079 
x 0.40 x 27 x 106)  (0.875 - 0.067) 
14 	= 78.49 Kips. in. 	(Experimental = 88 Kips. in.) 
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8.5 Comparison of Theoretical Analysis with Experimental Results: 
Table 8.1 shows the comparison of the experimental results with 
'the theoretical analysis for the beams of the first series. 	In 
comparing the cracking moments, the deviation between the theoretical 
and experimental results is highest for beam HU with a value of -20
OD 
and lowest for beam HU3 with a value of +1%. The average deviation 
for these beams is -3%. 	Fig. 8.1 which shows graphically the com- 
parison of the ultimate moments, gives a better picture. 	It is clear 
therefore that the deviation is not following a fixed pattern, i.e. 
is not constantly positive or constantly negative. This may be seen 
as an adequacy of the theoretical analysis. For ultimate strength 
of these beams the average agreement was 103%. Table 8.2 and Fig. 
8.2 show similar comparison for the beams of the second series. Here, 
too, the comparison is satisfactory and the theoretical analysis 
agrees quite well with the experimental results with an average of 
101% for the ultimate strength. In computing the strength of all 
these beams, the tensile strength of concrete played an important 
role whether in determining the inclination of the crack or in cal-
culating the cracking moments. Some previous investigators proposed 
the use of the modulus of rupture and cylinder splitting tests, but in 
this study the value of the tensile strength is related to the cube 
crushing strength and taken as 
ft = l.2u2'3 
8.6 The Effect of Prestressing and Mild Steel Reinforcement: 
The effect of prestressing and the addition of mild steel rein-
forcement on the strength of concrete beams is clearly illustrated 
by superimposing the experimental interaction diagrams of series one 
(HU) and two (HUS) on the line showing the ultimate torsional strength 
of the original plain concrete beam. 	From this diagram which is 
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given in Fig. 8.7 and by comparing the interaction curve of the 
plain prestressed beams with that of the plain concrete beam it 
appears that prestressing increases the beam's ultimate torsional 
strength. 	For this particular case the increase under pure torsion 
was 50% and the beam's torsional strength did fall below that of the 
plain concrete section only after the applied bending moment was more 
than 43% of the ultimate bending moment. On the other hand the 
addition of mild steel reinforcement as longitudinal bars and closed 
stirrups increased the ultimate strength of the beams as shown on 
the same figure. The increase is marginal in those beams subjected 
to low 9$-ratios but substantial in those with high 0-ratios. 
8.7 Application of the Theoretical Analysis to Previous Work: 
As a further method of verification, the analysis given in Chapters 
•5 and 6 is applied to some experimental work carried out by other 
investigators. 	Table 8.6 shows the comparison of theoretical and 
experimental moments for the uniformly prestressed hollow beams tested 
by Swamy 5 . 	The comparison is also presented graphically in Fig. 8.6. 
The analysis is also applied to those prestressed solid beams with high' 
0-ratios tested by Khalil 	, and the comparison is given in Table 
8.5 and Fig. 8.5. 	Tables 8.3 and 8.4 and Figures 8.3 and 8.4 show 
the results of applying this analysis to the work carried out by El 
Neima 	on uniformly prestressed hollow beams with and without stirrups 
subjected to combined bending and torsion. 
In all these applications the correlation of the results is fairly 
good. From the graphs for beams without stirrups tested by Swamy it 
appears that the results from the theoretical analysis show good 
agreement with the experimental results though those with high 0-ratio 
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are a little high. Those of Khalil and El Neima compare quite well 
with the theory. In the case of beams with mild steel reinforcement 
tested by El Neima the discrepancy between the theoretical analysis 
and the experimental results is highest in the case of beams subjected 
to high 0--ratios with maximum value of +23% for the beam under flexure, 
but this tends to decrease with decrease in the 0-ratio. In general 
the correlation is good and the conclusion is that the theoretical 
analysis is satisfactory. 
8.8 Interaction Curves: 
The comparisons of the experimental and theoretical results of 
plain prestressed beams at ultimate produced in Tables 8.1, 8.3, 8.5 
and 8.6 for the work of the author and that of other previous 
investigators 11,l,5) are also given graphically in the form of 
interaction curves. 	These are shown in Figures 8.1, 80, 8.5 and 
8.6. The author is of the opinion that this type of comparison gives 
a better illustration of the effect of the 0-ratio on the strength of 
the beams with regard to their bending and torsional capacities. 
Figure 8.1 gives a comparison of the author's experimental 
results of Series I (HU), given in the form of interaction curves, 
with the corresponding theoretical interaction curve.. The inter-
action curves are produced in the following way:- 
The experimental interaction curve is obtained as the mean curve 
joining the different points from the graph representing the ultimate 
strength of the individual beams of this series as obtained from the 
experimental test. 
The theoretical interaction curve is obtained by joining the 
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points representing the strength of the different beams as predicted 
by the analysis given by the author. Examples of such computations 
were given for beams HU3 and HtJ8 in Section 8.4. The theoretical 
interaction curve for the beams of this series is composed of two 
portions. One portion represents the analysis for the group of 
beams subjected to high p-ratio. (Ø > t) and under the predominant 
effect of. the bending component. This is the graphical represent- 
ation of equation (.6.15). The second portion represents the analysis 
for those beams subjected to low 0-ratio (Ø < 3) with the predominant 
effect of the torsion component. This portion is the graphical re-
presentation equation (5.26). 
The dotted straight line shown in Figures 8.1, 8.3, 8.5 and 8.6 
joining the curves representing equations (6.15) and (5..26) is meant 
to show the area where the uncertainty exists regarding the specific 
0-ratio dividing the beams into two series. Further research is 
recommended for clarification of this point. 
- Similarly the experimental interaction curves for plain prestressed 
beams tested by other investigators (1001,23) are compared with their 
corresponding theoretical curves as given by the author's theory. 
Figures 8.3, 8.5 and 8.6 show this comparison. 
The theoretical interaction curve presented in Figure 8.1, is 
characterised by its peculiar shape. This pecularity emerges from the 
fact that the curve represents two analytical equations, one is con-
cerned with the ultimate strength of those beams subjected to high 
ratio of bending to torsion and the other is confined to those under 
low 0-ratio. Similar interaction curves are obtained when comparing 
graphically the experimental data of other investigators with the 
author's theory as shown in Figures 8.3, 8.5 and 8.6. 
Application of these theoretical interaction curves mentioned 
above suggests that more than one ultimate bending moment corresponds 
I Ui 
to a give ultimate twisting moment. The explanation for this is that 
each of these ultimate - bending moments corresponds and belongs to a 
different 0-ratio. For example, a beam belonging to Series I of. 
Figure 8.1 which has an ultimate twisting moment of 25 Kips-in. could 
fail at a bending moment of 60 Kips.in. if it is tested under a 0-ratio 
60 
of 2.4 () or it may fail at a bending moment of 90 Kips-in. if it is 
tested under a 0-ratio of 3.6 () or it may give an ultimate bending 
moment of 105 Kips.in. if subjected to a bending to torsion ratio of 
1.2. (!). This characteristic, is not limited to the author's theo 
- - 	retical interaction-curve but exists in the theoretical interaction - 
curves suggested by previous investigators (27,28,29) in some of 
these curves more than three ultimate bending moments can be achieved, 
corresponding to one ultimate twisting moment. An example of this is 
(28) the interaction curve of Figure 13-8 proposed by Helmy and Goode 
Examples of similar curves are reproduced in Appendix C, servin g as 
further evidence of the existence of such interaction characteristics. 
In view of these comments, the author is of the opinion that this 
two-portioned interaction curve provides a reliable method of predicting 
the strength of uniformly prestressed beams without stirrups. The good 
agreement with author's experimental results, as outlined by the exper-
imental interaction curve in Figure 8.1, gives further justification 
and support. In addition, good agreement is obtained using the exper-
imental interaction curves of other investigators (11,10,23)  
The theoretical interaction curve for beams containing stirrups, 
shown in Figures 8.2 and 8.4 is given as one continuous curve. This is 
because of the unitary nature of the analytical equation upon which the 
curve is based. The curve gives good agreement with the experimental- 
results of both the author and El Nelina. 	 - 
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8.9 Verification of Design Method proposed in Chapter 7: 
In the following section some discussion of the idea behind the 
method is given. To verify it, it is applied to the work of the 
author and to the work of previous investigators. The comparison 
which is shown in Tables 8.7 to 8.11 gives good agreement. 
8.10 Discussion of the proposed method of design presented in Chapter 7: 
It could be argued that in developing this method of design a more 
favourable result could be achieved by adopting an arrangement such that 
the hogging bending moment produced by the prestressing force as a result 
of its eccentricity from the centzoid of the section should be balanced 
by the flexural component of the applied moment so that by the time the 
full working moment is brought into effect a uniform distribution of pre-
stress is attained to resist the twisting component of-the moment since 
the uniform prestressing is considered as the best arrangement for torsion. 
But the application of such an arrangement as the one described above 
is conditional on the fact that the two types of loading are applied 
separately. That is to say, after the bending moment is fully applied 
and redistribution of the prestress is attained then the twisting moment 
is applied, which is not the case for combined bending and torsion. Also 
this arrangement is not compatible .with the state of combined bending and 
torsion since it considers the state of stress on the normal section only 
and therefore neglects the effect of combined loading which produces the 
phenomenon of inclined bending upon which this proposed method is based. 
8.11 Application of the method to the analysis of beams: 
The beams of Series I (Flu) are analysed for prediction of their 
cracking moments using equation (7.14) which is given as: 
Md(l_R) + Mb + MCotcz = (Rf - 	2 ) ci sina 
110: 
Usually the bending moment due to the dead weight of the beam 
is very small compared to its bending capacity under working loads 
and it is still small even when compared to the lesser bending com-
ponent under combined bending and torsion. For beams tested one 
day after prestressing the loss in the prestress is very small 
.. 121525 
(From Appendix A, R 	 = 0.975, i.e. (l-R) = 0.025). 	For124725 
the above two reasons, and due to their compound effect the term 
Ma(lR) can be neglected without significant loss in accuracy and 
the transformed equation is given as: 
M, + M Cota = (Rf 	-.t 
D 	t.• 	 ci 2 y since 	2 
Introducing 	= 0 and 	= Z, the equation is obtained as: 
Mt y2 
MbC (1 	 = 
+ Cota 	
z(Rf - _____ 
ci 
The above equation is used to find the cracking moments of the 
beams of series I. The results of this application is given in 
Table 8.7. 	Shown below are illustrative examples of the calculations 
for two beams of this series. 
Beam HU 
0 = 8, z = 56.2 in 3 , R = 0.975, fpr = 880 lbs/in. 2 , ft = 460 lbs/in. 2 
CbO Tana = 	2C. t 	
+ [( b )
2 + 1 = (°. iJ ( ) 2 + 1 
= 2.981 
11.1 
Cotc = 0.335, Since = 0.945, 	SincL 2 = 0.899 
Substituting these values in the above equation: 
Mb ( l 	 = 56.2(0.975 x 880 	
09 
56.2 x1370 x 8 Bending moment at cracking 	
= 	8.335 	- = 73.9 Kips. in. 
HU 
0 = 2, z = 56.2, R = 0.975, fpr = 880 lbs/in. 2 , ft = 420 lbs/in. 2 
Tam
=
, Cotc* = J 	Pr 
Cotct = 1.759, 	Sincx = 0.494, 	Sinci2 = 0.244. 
So, 
• 	 ] + 	= 56.2(0.975 x 880 +) 
• - 56.2 x 2579 x 2 
Mb - 	3.759 	= 77.1 Kips. in. 
8.11 Comparison of experimental results of previous investigators 
with corresponding analytical values obtained according to 
method presented in Chapter 7: 
The beams tested by some of the previous investigators ( 5 ,l0 ,ll) 
are also analysed using the approach presented in Chapter 7 to find 
their strength at the cracking stage. The analytical and the cor- 
responding experimental values are presented and compared in Tables 
	
8.8 to 8.11. 	In general the comparison of the results is quite 
satisfactory and best results are obtained for those with high 0-
ratios. 
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In the case of the beams subjected to low 0-ratios, the predicted 
values tend to be higher than the experimental ones. Because of the 
dominant effect of torsion in these beams and their similarity in be-
haviour and cracking manner to those under pure torsion; also because 
it was not possible to find a general expression for the angle of 
crack catering for the effect of variation in 0 within low ratios, 
such as in the case of high 0-ratios, the angle of crack under pure 
torsion is adopted for all the beams of this group. This approxi-
mation explains the relatively high discrepancies in the analysis of 
these beams according to this method. 
Be 
(0) 
Concrete Strength Cracking Moment (Kip-in.) Ultimate Moment (Kip.in.) 
Mbu 
U 
 (Theo) U-. 
lbs/in2 lbs/in2 lbs/in2 
 Experimental Theoretical Experimental Theoretical M C  (Theo) 
Mbc Mt Mb Mt Mbu Mt M1 Mt 
HU 00 6960 14590 1435 81.0 - 101.16 - 80% 175.8 - 160.72 - 109% 
8 7560 '3860 1460 80.5 10.06 92.3, 11.51. 87% 1142.148 17.81 1314.6 16.83 106% 
6 6230 3380 1405 714.75 12.146 714.1 12..5 101% 119.6 19.93 119.26 19.88 100% 
HU 14 71420 3810 155 73.25 18.31 69.2 17.30 106% 102.96 25.714 95.2 23.8 108% 
HIJ3 3 6720 3560 1425 63.8 21.27 65.7 21.90 97% 63.8 21.27 65.7 21.90 97%. 
2 6580 3500 1420 63.14 31.7 59.0 29.5 107% 63.14 31.7 59.0 29.5 107% 
HtJ1 1 7170 3730 1415 143.68 143.68 1414. 144.3 99% 143.68 143.68 144.3 144.3 99% 
0 5890 - 390 - 145.0 - 144.4 101% - 145.0 - 1411.14 101% 
Average 97% Average 103% 
P.C.B. 0 6830 3600 1430 - 30.1 - 27.2 
- 30.1 - 27.2 110% 
Table 8.1. Comparison of Theoretical and Experimental Results (Series I). 
Beam 
(0) 




ultimate Moments (Kip.iri.) 
 MbU(ExP) 
MbU (Theo) 
lbs/in2 lbs/in2 lbs/in2 
Experimental Theoretical 
Nb Mt Mbu  Mt Mbu Mt 
HUS 00 7040 8o )4)40 84.66 197.6 - 188.5 105% 
HUS8 8 7000 3660 )440 51.25 10.16 188.6 23.58 177.6 22.2 106% 
HTJs6 6 6540 3q9 0 120 75.75 12.63 145.6 24.27 163.7 27.25 89% 
HUS)4 4 7020 B 67o 1440 72.50 18.12 131.3 32.83 139.0 34.75 94% 
HtJS3 3 8400 14 t 6° 495 65.00 26.67 100.0 33.3 111.37 37.12 90 o 
Hu 2 7700 3 Ik 20 470 62.75 31.38 88.0 )44.0 78.49 39.25 112% 
HUS1 1 7930 39 cto 480 141.25 44.25 )47.)4 )47.)4 40.12 40.12 118% 
HtJS0 0 6300 fOO 1410 - 50.7 - 50.7 - 46.7 108% 
Average 103% 
Table 8.2. Comparison of Theoretical and Experimental Results (Series II). 
E = 28.65 x 106  lb ,j 
 2. 
E = 4.3 x i06 lbs./in..2 
f = 1070 lbs./in.. 2 pr 
f 	= 160500 lbs./in. 2 
p 
f 	= 214000 lbs./in. 2 sy 
f
Ly = 50300 lbs./in..2 
f= 50300 lbs/in. 2 ty 
Cube Experimental Ultimate Theoretical Ultimate 
( 	1 	) Crushing Moment Moment 1bu exp 
Mt Strength 	. . 	Kips.in. Kips.in. Mb(theor.) 
Beam (0) is./in.2 % age . MIDi Mt. 
. 
Mbu tu.  
HU4 .°° 7000 206.0 - 186.6 110% 
HU1 10 7050 174.0 17.4 171.0 17.10 102% 
HU10 8 7625 197.5 24.69 161.2 20.15 122% 
HU2 6 7750 142.0 . 	23.67 145.2 24.2 98% 
HU3 5 7550 128.8 25.76 130.5 26.1 	. : 
HU5 4 8050 . 107.0 26.75 113.6 28.4 94% 
HU6 3 7450 116.31 38.77 93.6 31.2 124% 
HU7 2 7950 89.0 . 	44.5 850 42.5 105% 
HU8 1 7250 63.1 63.10 	. 59.0 59.0 107% 
HU11 0.5 8100 39.15 .78.30 38.3 76.6 104% 
HU 
[ 	
0 1 8105. J 	- 61.7 - 	[ 62.5 97% 
Table 8.3 Comparison of Theoretical Analysis 'with Experimental Results of Plain Prestressed Hollow Beams tested 
by El Neima  
Mb Cube Expe±imental Ultimate Moment Theoretical Ultimate Moment I 	exp. 






HUSCO CO 8000 	. 276.0 - 233 - 123% 
HUS-10 10 7750 262.5 26.25 220.5 	. 22.05 119% 
HUS-6 6 7750 242 40.40 208.8 34.80 116% 
HUS-5 5 8325 222.2 44.44 198.3 39.66 112% 
HUS-4 4 7670 198.8 49.95 182.4 45.60 .109% 
I-mS-I I 	. 7910 : 75.1 751 81.48 81-48 921 
0 7875 	.. 79.3 , . 79.30 101% 
Table 8.,4 Comparison of Theoretical Analysis with experimental results of Prestressed Hollow Beams with 









Experimental Ultimate Moment 
Kips. In. 











UB . 8750 152.2 - 161.16 - 95% 
U4 6.65 7700 127.7 	. 19.20 125.2 .. 	18.83 102% 
U., 
3 
 5.12 7400 127.7 	. 24.94. 108.9 21.27 117% 
U5 4.34 7280 102.2 .. 	 . 	 23.55 97.6 22.49 105% 
U2 3.3 7950 71.90 21.79 70.29 21.30 102% 
U6 2.5 7750 62.00 24.80 65.58 26.23 95%. 
U1 1.69 7800 73.50 43.50 57.12 33.80 128% 
U8 	1 0-79. 8500 37.76 . 	 47.8 38.53 48.77 98% 
Table 8.5. Comparison of Theoretical analysis with experimental Results of Prestressed Solid Beam Tested. 










Experimental Ultimate Moments 
Kips.in. 
Theoretical Ultimate Moments 
Kips.in. (exp.) bu  
M, 	(theo.) 
% age Mbu tu bu tu 
B Go 8900 376.2 - 353.84 - 106% 
C16 10 8345 372.6 37.26 319.8 31.98 116% 
C1 6 8720 362.04 60.34 285.6 47.60 126% 
C13  5 9140 350.0 70.0 266.9 53.38 131% 
C12 4 9190 301.6 75.4 238.65 59.66 126% 
C11 3 7550 204.6 68.2 177.0 59.0 115% 
C2 2 9530 240.0 124.00 171.0 85.5 145% 
C14 1 9050 140.2 140.2 126.3 126.3 111% 
C15 0.5 9050 075.5 151.0 075.5 151.0 95% 
T 0 9320 - 127.24 - .136.84 93% 
E s = 25 x 106  lbs./in. 2 	: 	E c = 4 x 106  lbs./in. 2 	: 	f pr = 1322 lbs./in. 2 
Table 8.6 Comparison of Theoretical Analysis with Experimental Results of Prestrssed Hollow Beams 
Tested .by Swamy 5 	 . 	. 	 . 
Z = 56.2 in.' 3 
f = 880 .lbs/ pr. 	 2. 
in. 
,Concete . strength . lbs/in 2 Experimental Cracking Theoretical Cracking. Mb 	(exp) 
Cube Strength Tensile Str Moment 	Kips.in. Momnt 	.Kips.n.. M.b 	(theor) Mt .U f =l.2U213 
t M. bc M tc M. M Beam () bc .. 	 . 	 tc. . (% age) 
HU OD W 6960 435 81.00 . 	 - 78.8 - 103% 
HU8 8 7560 460 . 80.50 10.06 73.9 9.24 109% 
HU6 6 6230 405 74.75 12.46 74.6 12.43 100% 
flU4 4 7420 455 73.25 18.31 	. 71.5 
. 
17.88 102% 
HU3 3 6720 425 63.8 21.27 91.7 30.57 	. 70% 
HU2 2 6580 420 63.4 31.7 77.1 38.55 83% 
HU1 1 	7170 445 43.68 43.68 54.1 54.10 80% 
Table 8.7 	son of experimental and theoretical results (according to the method 	sented 
in Ch ter 7) of plain uniforin]yprestressed hollow beams (Series I). 
Mb Concrete Strength Experimental Theoretical 
M 
. Cracking moment cracking Mbc expt. 
...... Kips.in moment Kips. M1c Theor Cube Strength 
lbs/in2 	.................. 
Tensile Strength 
!vlbC Mt Mbc in. Mt 
Beam . (cf) (U) f 	= l. 2tJ2I3 (%age) 
HU4 00 7000 440 124.8 - 103 - 121% 
HU1 10 7050 440 122.2 12.22 103.14 10.31 118% 
HU10 8 . 	 7625 . 	 465 114.5 14.31 104.8 13.1 109% 
6 7.750 	. 470 117.0 19.5 103.8 17.3 113%, 
HU3 5 7550 '• 460 113.0 23.6 102.8 20.56 110% 
HU5 4 8050. 480 107.0 26.75 102.6 26.65 104% 
HU6 3 7450 460 116.3 38.77 131.1 43.7 86% 
HU7 2 7950 480 89.0 44.50 112.3 56.15 80% 
HU9 1 7250 450 63.1 63.1 73.8 73.8 86% 
HU11 0.5 , 	 8100 485 39.15 78.3 46.71 93.4 84% 
= 69.5 in  
pr 	
2 
(uniform) = 1070 lbs/in 
TABLE 8.8. 'Comparison of experimental and theoretical results (according to method presented 



















f . 	1.2u 	. 	
. Mbc, . . 	 .M Mt 
HE_00 00 8960 515 175.5 - 165.2 - 106% 
HE-1 10 8910 515 177.0 17.70 163.7 16.37 108% 
HE-6 6 . 	 8810 510 168.5 28.08 160.0 26.67 105% 
HE-4 4 9100. . 520 158.0 39.50 155.3 38.83 102% 
HE-2 2 7790 470 94.6 47.30 134.5 67.25 70% 
Z = 69.5 in  
f 
pr 
 (ecc) = 1910 lbs/in2 
TABLE, 8.9.. COmparison of experimental and theoretical results (according to the method 
presented in Chapter 7) of eccentrically prestressed hollow beams tested by 


















f 	= 1.2 U 	




U B 8750 510 78.0 - 79.2 - , 	98% 
U4 6.65 7700 470 73.2 11.01 79.19 11.91 92% 
U3 5.12 7400 455 72.9 14.24 77.30 15.1 94% 
U5 4.34 7280 450 68.0 15.67 75.90 17.49 90% 
U2 3.3 7950 475 71.9 21.79 74.94 22.71 96% 
U6 ' 2.5 7750 470 62.2 24.88 90.4 36.16 69% 
U1 1.69 7800 470 73.4 43.43 75.5 44.67 97% 
U8 0.79 8500 500 37.9 47.97 49.7 62.9 76% 
Z'= 53.3 in  
f 
pr 
(uniform) = 1000 lbs! 2 
in 
/ 	 0 	TABLE 8.10.. 'Comparison of experimentalandtheoreticalresults'(according'to'method 
'presented 'in 'Chapter '7). 'of 'uniformly 'prestressed solid 'beams 'tested 'by 'Khalil(].0) 
Z = 109.9in 3 
f 
pr 
















lbs./jn. 2 	. 
Tensile Strength 
.. . ft. =iyi. 2 . Mbc . . 	 Mi Mbc 
B 
. 
8900 515 235.0 - 198.1 - 118% 
C16 10. 8345 495 230.0 23.00 194.7 19.47 118% 
C1 6 8720 510 	. 225.0 37.50 193.8 32.30 116% 
C13 5 9140 525 241.75 48.35 193.8 38.76 124% 
C12 4 9190 525 229.6 57.40 190.3 47.58 120% 
C11 3 7550 460 204 68.00 234.4 78.13 . 	 87% 
C2 2 9530 546 248.0 124.00 210.2 105.10 118% 
C14 1 9050 520 140.20 142.20 139.8 139.80 100% 
C15 0.5 9050 520 75.50 151.00 84.2 168.40 89% 
TABLE 8.1.1. . comparison of experimental and theoretical results (according to method presented 
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Fig, 82: Comparison  





10 	20 	30 	1.0, 	50 	60 	70 	80 	90 100 110 120 	130 11.0 150 160 170 	180 190 200 
ULTIMATE 	BENDING MOMENT IN KIPS. IN. 
Fig. 81: Comparison of theoretical analysis with exper..mentaL results 
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Fig. 	8'4: Comparison of theoretical 	analysis 	with experimental 	results 
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Fig. 87 Comparison of the experimentat interaction curves 	to 
show the effect of prestressing and reinforcement 
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Chapter 9 
Summary and Cdnclusions 
9.1 Summary of Experimental Part: 
The tests were carried out on seventeen beams in all, eight 
comprising each of the two series plus one plain concrete beam. 
All the beams with the exception of the plain concrete one were 
uniformly prestressed. The prestress which is applied by means of 
four unbonded wires had an effective value of aj1bs./in. 2 . 	Those 
on the first series contained no mild steel reinforcement in the test 
zone. Those of the second series contained longitudinal bars and 
closed stirrups to study their effect. 	The beams of each series were 
tested under different ratios of bending to torsion varying from pure 
bending to pure torsion with the ratio kept constant for every beam. 
The plain concrete beam was tested under pure torsion. 
9.2 Summary of the Theoretical Part: 
9.2.1 Beams Containing no Stirrups (Seriesl): 
In the theoretical analysis the beams of this series were divided 
into two groups: 
Those subjected to high bending to twisting moment ratio (Ø 4) 
were analysed by the ultimate equilibrium method for their ultimate 
strength and their cracking moments are predicted by a derived 
expression based on the maximum stress criterion. 




The same expression gives the cracking moment since the beams 
fail once the crack appears due to the dominant torsion. 
9.2.2 	Beams containing Mild Steel Reinforcement (Series II): 
As a result of the addition of the mild steel reinforcement those 
beams subjected to low 0-ratios showed a different behaviour by 
supporting extra load after cracking. Thus it was possible to treat 
these beams, as far as their ultimate strength i.concerned, in the 
same way as those subjected to high 0-ratios. The only difference was 
in determining the inclination of the crack. 
9.2.3 . Proposed Method of Design: 
A simplified method for the design of prestressed concrete beams 
subjected to combined bending and torsion was given. Following normal 
practice for the design of prestressed concrete sections this method is 
confined to the working range up to cracking and based on the skewed 
bending observed on beams subjected to combined bending and torsion. 
The method is applied to work carried out by the author and other in- 
vestigators to find the cracking moments, this resulted in good agreement. 
9.3 	General Conclusions: 
9.3.1 Plain Prestressed Conrete Hollow Bems (Series 1): 
1. 	Prestressing increased the strength of beams-under pure torsion 
and the increase is proportional to the amount of effective prestress. 
The failure in pure torsion is caused by diagonal cracking which starts. 
at the middle of the longer side when the principal tensile stress ex- 
ceeds the. tensile strength of the concrete. 	The failure torque can be 





The addition of small amount of bending improves the ultimate 
torsional capacity of beams subjected to low 0-ratios, this being ex-
plained by assuming a plastic distribution for the torsional shear 
stresses and the ultimate twisting moment of these beams can be pre-
dicted by the derived expression which is based on the maximum stress 
criterion. 
The beams of this series subjected to low 0-ratios collapse 
immediately after the appearance of the first crack, that is the 
cracking moment is the ultimate moment.. 
The failure of these beams is violent and destructive as a result. 
of the sudden release of the prestressing force. 
The behaviour of beams tested with high 0-ratios is very similar 
to that of the pure bending case. The cracks on these beams start at 
the bottom of the section when the principal tensile stress exceeds 
the tensile strength of the concrete. 
Their cracking moment is predicted by an expression based on the 
maximum stress criterion. After cracking they support extra load till 
failure which takes place by crushing of the concrete about a skewed 
fulcrum on top of the beam. Their ultimate bending moment is given by 
an equation derived according to the ultimate equilibrium concept. 
Prestressing causes the crack inclinations to be less steep in 
comparison with those in Reinforced Concrete beams. The inclination 
depends on the degree of prestressing and the 0-rati6. 	- 
The bending to twisting moment ratio influences the behaviour of 
the beam and determines its type of failure. 
The theoretical interaction curve proposed by the author to show 
the effect of the change in the 0-ratio on the strength of the beams 
gives adequate representation of the experimental behaviour. 
This interaction curve is also of use in predicting the strength 
of a beam at ultimate when the 0-ratio is given. 
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9.3.2 Prestressed Concrete Hollow Beams with Mild Steel Reinforcement: 
The addition of mild steel reinforcement as stirrups and longitudinal 
bars increases the ultimate strength of all beams under the various 0-ratios. 
Moreover the provision of the mild steel reinforcement produces a 
less violent form of failure preceded by considerable rotation and de-
flection. 
Beams of this series subjected to low 0-ratios can support further 
loading after cracking but this extra load diminishes with decrease in the 
0-ratio. 
The introduction of the mild steel reinforcement gives all the beams 
more ductility and changes the mode of failure in those subjected to low 
0-ratios. 
The mild steel reinforcement prevents the disintegration of the 
beam after failure and thus acts as a binding element. The longitudinal 
bars and the stirrups contribute to the ultimate strength of the beams 
and their contribution is substantial in those with high 0-ratios. 
9.4 Suggestions for future Research: 
1. 	Extension of the investigation to study the combined effect of 
bending, torsion and shear on the strength of prestressed concrete hollow 
beams. 
1. 2. 	Study of the effect of bond between prestressing wires and concrete 
on the behaviour and ultimate strength of hollow beams subjected to 
combined bending and torsion. 
Investigation of size and shape of the hollow and the side proportions 
with relation to the 0-ratio and their effect on behaviour and strength of 
the beam. 
Further verification for the design method proposed in Chapter 7,. 
by carrying out experimental investigation on beams designed according 
to the method. 
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Ultimate tensile strength of prestressing wires f = 234,000 lbs/in. 2 
Cross-sectional area'of one wire 	- 	 ' = 0.0598 sq. ins. 
Initial force on wire 
	 ' =.9600 lbs. 
9600 Initial prestress on wire 	
0.0598 	 = ,160500 lbs./jn. 2 
Loss of Prestress before transfer:  
Strain due to drawing-in of the wire.  
0.120"  
7x12+9" 	- 0.00134  
(0.120" is the measured amount drawn-in) , 
Loss of stress due to draw-in = 27 x 10 6  x 0.60134 = 35160 lbs./in. 2 
Stress in wire after loss due to draw-in . 	' 	= 125400 lbs./jn.,2 . 1. 
125400x0.0598 	' Prestress in concrete due to this stress = -- 
33/4 
2. = 908 lbs./in. 
Loss due to elastic deformation of concrete. 
f E/E 
1 	908 	27 x 
10  
' i. = .— =—x x— .c s c
.
2 ' 	 b 	2 4.4 x 10 
'(Quarter  of the above stress is used because 
this deformation results from the 4th and 
last increment of the prestressing force) 
Stress in prestressing wire after this loss' 
124725 'x 0.0598 ,Prestress in concrete at transfer = 	
' 33/4 
=67,5 Ibs'./in'.(Cp1i5 
= .124725 lbs./in, 2 
= 904 lbs./in 2 .,  
Loss! 
122 
Loss of Prestress after transfer: 
Loss due to steel relaxation = 10000 x 24 	= 240 lbs./in. 2 (Cp115) 1000 
-(This-is based on the loss of prestress 
of 10,000 lbs./in. on tests of 1000 hours 
duration. Assuming the relation being 
linear, the loss after one day would be 
• as shown above). 
Loss of prestress in wire due to creep of concrete 
	
-6 • E 
	
904 x 0.25 x 106  x 27 x 10  
=f xO.25xl0 x—= 
c 	 2 	 2 	•. 	• 
• 	 = 2960 lbs./in. 2 (CP115) 
Total loss after transfer . - 	 = 3200 lbs./in. 2 
Stress in prestressing wire (f) 	124725 - 3200 	= 121525 lbs./in. 2 
121525 x 0.0598 	 2 Effective prestress in concrete 	






Area "A"  
A = bd - (b--2b) X (d-2t 
= 2bt + 2b d - 4b t. 
Substitute t = C1 , b = c 
	
d 	 b 
Then A = 2c bd + 2c
Z 
 bd - 4 c c bd 
I  
= (2c + 2c - 4c c )bd 	=abd 
2 
Second moment of area "I"xx 
= 2 	d3 	 3 	' + 	(b-2b' ) t + (b-2b ) (d - t) 
12} 12 
'3 	3 	'3 	2 	2 	3 	' 	2 	'2'3 
= b +bt -b +btd - btd+bt -b td +2btd-bt 
6 	6 	3 	2 	 2 
Substitute t = cd, b= c2b. 
6c +4c +c-6cc +12c c Then I- -  = (3c - 
	2 	3 	 2 2 - 8c13c2 bd3 





Appendix C deals with the reproduction 0±. some data produced 
by previous investigators. 	In the discussion in Section 8.8 reference 




FIG. 4-8 INTERACTION CURVE FOR REINFORCED CONCThTE UNDER 
COMBINED TORSION AND BENDING (COWAN) 
Interaction curve of Cowan for reinforced Concrete in Combined bending 
and torsion as reproduced by P. Zia 27 . 
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FIG. 4-12 COMPARISON OF THEORIES OF COWAN, SWAMI AND REEVES 
FOR PRESTRESSED CONCRETE UNDER COMBINED TORSION AND BENDING 
Interaction curves of Cowan, Swany and Reeves for Prestressed concrete 
(27) 
as reproduced by P. Zia 
o 
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FIG. 13-8 TYPICAL INTERACTION DIAGRAMS',' (a) ALL FOUR 
MODES POSSIBLE; 	(b) MODE 4 PREDOMINANT (LONGITUDINAL 
STEEL INSUFFICIENT TO CAUSE STIRRUPS TO YIELD) 
Interaction Curves of Goode and He1my 28 for ultimate strength 
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FIG. 13-13 INTERACTION DIAGRANS FOR COLLINS, WALSH 
AND HALL'S TEST RESULTS 
Interaction curves for Collins, Walsh and Hall's test results 










MODE 2 EQUATION (11) 
DI€7. 
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Flexurol Moment kip-ins. 
FIG. 14-13 INTERACTION CURVE FOR RU SERIES 
Interaction Curve of Collins et a1 29 for reinforced concrete beams 
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